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Abstract
In this thesis, methods that are capable of improving the revenue and prof-
itability of a nancial services company are presented. Of particular interest
is the use of customer specic information for pricing insurance products
and segmenting a customer population based on the expected protability of
the customers. A prerequisite is the possibility for customers to have many
dierent nancial services products from the same provider. The thesis
presents multivariate credibility models for how customer specic informa-
tion from one (or many) nancial services products is related to customer
specic information from another nancial services product. The models
are foremost applied to the context of cross-selling (selling additional prod-
ucts to existing customers) where customer specic information from the
oered cross-sale product is not available before the sale. As products are
related, it is reasonable to use an appropriate (credible) amount of customer
specic information from another product (or products), for estimating the
protability expected to emerge from the oered cross-sale product. In four
separate but related articles, it is shown that having appropriate models
for pricing and customer segmentation is of great importance for a nancial
services company aiming at running a protable and growing business.
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1Introduction
This dissertation presents methodologies for pricing and direct marketing of nancial
services products (insurance cover, mortgage contracts, general loans, etc.), provided
by nancial institutions (insurance companies and banks), with particular reference to
the prot generated by each customer. The problem of setting the correct price, to a
specic customer with respect to a specic product, is of paramount importance for any
nancial institution aiming at running a protable business. Additionally, companies
that are able to identify and target the right existing customers, to oer them additional
nancial services products, will benet hugely in terms of growth of revenue and market
share. Direct marketing to existing customers by oering them additional products or
services is referred to as cross-selling and constitutes the main track of research in this
thesis.
Most nancial services products dier from conventional retail products in the way
that the cost, associated with a specic customer with respect to a specic product, is
stochastic and becomes known to the nancial institutions after some (also stochastic)
time. For example, an insurance company oers insurance cover, making them liable
to give economic compensation to cover eventual losses, related to events covered by
the insurance policy. Banks can provide nancial means for its customers to make
investments or purchases, however if the investments fail or the customers are unable to
repay their dept, the banks suer economic losses. It is crucial for nancial institutions
to be able to segment its customers with respect to the probability and size of these
future losses as well as to price its liabilities towards its customers.
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Successful cross-selling of nancial services products is highly dependent on the abil-
ity, of the nancial institution, to segment its customers with respect to the customers'
potential for generating future prots. Normally, nancial institutions have hundreds of
thousands of customers in its database and since cross-selling usually involves personal
communication with the customers, it is usually a formidable task to approach all of
them. Instead, nancial institutions carefully select a subset of customers to approach,
to whom certain additional nancial products should be oered. Approaching a de-
scribed subset of customers is usually referred to as launching a cross-sale campaign
and obviously, the quality of the selection methodology aects the nancial result from
the campaign.
Prior to launching a cross-sale campaign, it is common practice to segment the
customers of a nancial institution with respect to their estimated probability of pur-
chasing the oered product. In such cases, the estimated probability is the outcome of
a binary response model (normally a logistic regression model) evaluated with observ-
able explanatory factors of the customers in the database of the nancial institution.
I.e, customers with high estimated purchase probability is selected to be approached.
One of the main research ndings in this dissertation is that this frequently used and
established methodology of segmenting customers only based on the estimated proba-
bility of purchase can be challenged and improved, especially for the nancial services
industry.
A prerequisite for the research presented in this dissertation, is that customers of
a nancial institution have (or at least could have) multiple nancial services products
from the same provider. Additionally, the stochastic events (insurance claims, loan
defaults, etc.), associated with the nancial services products of a specic customer,
are related. I.e., for a specic customer, the occurrence of events associated with one
of his or her purchased products is correlated with the occurrence of events associated
with another purchased product. All studies in the thesis are limited to only the
occurrence of these mentioned events, thereby assuming that the corresponding size of
the generated losses are unrelated. This is an assumption that could be challenged but
is made in order to limit the scope of the thesis and thereby left for future research.
Nonetheless, the assumed correlation between the occurrence of the stochastic events,
from multiple products of the same customer, is imposed in the described models in
the following chapters. Taking this correlation into consideration, when segmenting
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the database of a nancial institution, the overall prot from a particular cross-sale
campaign can be improved signicantly.
In this thesis, the number of occurred events, generated from correlated nancial
services products of a specic customer, is related to some a priori notion of the ex-
pected number of events. I.e throughout the dissertation, it is assumed that nancial
institutions have methodologies for assessing an a priori frequency or probability of oc-
currence of the events. In the most simple cases, this assessment can be made from only
a qualitative analysis of the customers but is normally made by evaluating a previously
estimated model with certain characteristics (explanatory factors) of the customers.
For example, it is assumed that a nancial institution is able to assess the a priori
expected number (or probability) of events ^i, associated with a specic customer i, as
^i = f^ (Yi), where Yi is an appropriate set of characteristics for the customer i and f^
is the previously estimated regression function.
Another important assumption, that is made implicitly trough out the thesis, is
that the success of a cross-sale approach is independent of the risk characteristics of an
individual. I.e. customers identied as having low risk characteristics have the same
propensity to purchase an oered product as those associated with high risk character-
istics. In real life applications of the presented models, this assumption would probably
fail since the risk characteristics in many cases aects the price via experience rating.
Therefore customers identied as having low risk characteristics would be harder to
cross-sell to since the nancial company, at which they currently have the product,
might be giving an experience rated discount. Not dealing with these kind of correla-
tions presents a risk of anti-selection, especially when models for sales probability and
risk characteristics are combined, and is neglected in the thesis but should be considered
prior to any real life implementation.
In most cases, a nancial services product is associated with a certain duration
for which the product is valid, for example an insurance policy is usually bought as
a yearly cover and a mortgage (or other loan) is associated with a xed interest rate
during a specic time period. The a priori estimate ^i is related to the corresponding
time period of the product, for example for an insurance company, ^i is usually the
a priori expected number of claims associated with a certain customer i for a certain
insurance product. Correspondingly for a bank, ^i is the a priori probability that the
customer i will default on a certain loan product from the bank. By comparing the
3
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observed number of events ni (available to the nancial institution at the end of the
time period) to the a priori expected number ^i, the nancial institution is able to
assess if a specic customer i was associated with more or less events than a priori
expected, during that time period. It should be noted that ni is a realisation of the
discrete stochastic variable Ni. If the customer has had a certain product with the
same provider during multiple time periods, the nancial institution is able to compare
the total number of events related to customer i,
JiP
j=1
nij , to the total number of a priori
expected events
JiP
j=1
^ij , where Ji is the number of time periods.
The deviation between the a priori expected number of events ^i and the corre-
sponding actual number of events Ni is central in the proposed new methodology for
cross-selling nancial services products. In this dissertation, it is argued that a mul-
tivariate credibility model, based on the deviation between ^i and ni, is useful as a
complement to, or in combination with, the established methodology of segmenting
customers only based on the estimated probability of purchase. The multivariate cred-
ibility model, elaborated on in this thesis, is the multivariate Bulhmann-Straub model
and throughout the thesis the term multivariate is interpreted as multiple nancial
services products.
A multivariate credibility model is suitable in cross-selling since it allows for corre-
lation between the entering variables (in this case the events associated with multiple
nancial services products). Additionally, using a multivariate credibility model, in-
formation from dierent sources is weighted based on the relevance (or credibility) of
that information. In chapters 3, 4 and 5 it will be shown that a "credible amount"
of information about ^i and ni for one nancial services product can be used to es-
timate certain quantities, related to the prot, for another nancial services product.
When cross-selling nancial services products (or products in general), the approached
customers already have at least one existing product from the company. One of the
scientic contributions from this dissertation is to show how information from an exist-
ing product (or set of products) can be used in estimating the prot that is expected
to emerge from approaching a specic customer to oer a specic additional product.
The rest of this dissertation consist of four research papers which are self contained
with their own introductions, where related prior work and references are described.
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Consequently, reference to prior research is absent in this introduction. The rest of the
introduction will give a description of the four papers and their contribution.
Chapter 2 presents the paper Multidimensional Credibility with Time Eects - An
Application to Commercial Business Lines. The chapter focuses on improving the
current pricing scheme of a commercial lines insurance business, by altering the a priori
claim frequency estimate using experience rating. Experience rating is introduced via
a multivariate credibility model, with or without a dependence of the age of the claim
information. A denition is found in the paper, of a customer specic variable which
is dependent of the deviation between the a priori expected number of events ^i and
the corresponding actual number of events Ni. This denition is used in the following
chapters of the dissertation. The paper presents a multivariate credibility estimator
of the customer specic risk prole i, which takes into account the dependence in
claim frequency between the dierent insurance products. To produce an improved
claim frequency estimate (compared to the a priori estimate ^i), the estimate of the
risk prole ^i is multiplied with the a priori claim frequency estimate resulting in
a posterior claim frequency estimate dependent on the individual claims experience.
Dierent credibility estimators are evaluated using information from dierent number
(and combinations) of the insurance products and conclusions are drawn from an out-
of-sample validation study. The contribution from the paper is a methodology for
improving insurance pricing, with special reference to claim prediction, using experience
from multiple insurance products via a multivariate credibility model.
Chapter 3 presents the paper A credibility method for protable cross-selling of
insurance products. This is the rst of three consecutive chapters where the (time-
independent) model from Chapter 2, is used for cross-selling nancial services products.
The study is on the simple cross-sale case where customers of an insurance company
have only one insurance product with the company, which seeks to approach a subset
of them to oer a second one. In contrast to Chapter 2, the objective is not to alter an
a priori claim frequency estimate but rather to use the estimate of the risk prole ^i by
itself, to segment the customer population with, and approach customers with a low risk
prole estimate. The credibility estimator for this particular situation is shown to be
a special case of the bivariate credibility estimator from Chapter 2. The methodology
is evaluated in a real data study of personal lines insurance customers who all (at
the time of data collection) were in possession of three dierent insurance products
5
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from an insurance provider. In the data study, it is imagined that the customers
are in possession of only one of the three products and the methodology is used to
evaluate if information about ^i and ni, with respect to this product, can be used for
segmenting the population, with respect to deviation between ^i and ni for another
product. From the results, it is concluded that the correlation between the dierent
insurance products is captured by the credibility estimator and that the methodology
is able to dierentiate the customer population with respect to prot for a product not
belonging to the customers.
Chapter 4 presents the paper Selecting prospects for cross-selling nancial prod-
ucts using multivariate credibility. This chapter follows logically from Chapter 3 by
extending the methodology to make use of the fact that some customers of nancial
institutions have multiple products with the provider even before being approached for
a cross-sale attempt. The paper presents a solution to this problem, by generalising
the methodology from Chapter 3 and using information about ^i and ni from all the
existing products of a specic customer. The data validation study is performed in a
similar way as in Chapter 3 however the results are presented somewhat dierently to
underline the practical implications of using the methodology. It is concluded that the
segmentation is improved by using information from multiple products in comparison
to using information from only one and that it is easier to identify a small subset to
avoid to contact (due to poor protability) than a small subset to approach.
Chapter 5 presents the paper Optimal customer selection for cross-selling of nan-
cial services products. In this chapter, a new model is presented which combines the
model from Chapter 3 with a model for the probability of a customer purchasing an
oered product. With this model, the nancial institution is able to identify an opti-
mal subset of customers to approach, taking both the estimated probability of purchase
and the estimated risk prole (with respect to the oered product) into account. Ad-
ditionally, in order to replicate a real cross-sale campaign, each cross-sale approach is
associated with a cost, for the nancial institution, representing costs of stang and
administrative expenses related to running the campaign. The stochastic prot vari-
able, from each customer with respect to the cross-sale product, is thoroughly described
by deriving distributional properties of the variable. Also distributional properties for
the sum of the stochastic prots, from a subset of the customers, are derived. In the
data study, the model is tested on real data from a previously run cross-sale campaign,
6
which was conducted using the methodology of segmenting customers based only on
the estimated probability of purchase. It is shown that by segmenting the customers
based on the expected prot, rather than by only the estimated sales probability, the
prot from the cross-sale campaign, realised by the nancial institution, would double.
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2Multidimensional Credibility
with Time Eects - An
Application to Commercial
Business Lines
Abstract
This paper considers Danish insurance business lines, for which the pricing methodology
recently has been dramatically upgraded. A costly aair, but nevertheless the benets greatly
exceed the costs; without a proper pricing mechanism, you are simply not competitive.
We show that experience rating improves this sophisticated pricing method as much as it
originally improved pricing compared to a trivial at rate. Hence, it is very important to
take advantage of available customer experience. We verify that recent developments in
multivariate credibility theory improve the prediction signicantly and we contribute to this
theory with new robust estimation methods, for time (in-)dependency.
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2. MULTIDIMENSIONAL CREDIBILITY WITH TIME EFFECTS - AN
APPLICATION TO COMMERCIAL BUSINESS LINES
2.1 Introduction
This chapter is a revised version of the paper Englund et al. (2008).
In this paper credibility theory and experience rating mean more or less the same
thing; however, strictly speaking credibility theory describes a theoretical model with a
latent risk variable, while experience rating is the act of including observed experience
in the rating process. This latter act is sometimes carried out in non-life insurance
companies without a consistent theoretical model behind it. But since all experience
rating in this paper is based on a theoretical model, we can more or less use the
two expressions interchangeably. Credibility theory has a long tradition in actuarial
science; we show in this paper that there is indeed a good reason for this. In our
concrete application to Danish commercial business lines, we show that the use of
experience rating is as important as the use of pricing as such. In other words, we
double the quality of the price rating by the inclusion of credibility theory in the rating
process. We also consider the recently developed method of multivariate experience
rating, where the latent risk parameter is allowed to be multidimensional such that each
dimension represents one cover from the business line, see Englund, Guillen, Gustafsson,
Nielsen and Nielsen (2008). We also introduce a method to estimate a time eect of
this model. We show that this more general version of credibility theory gives better
results than the results from classical one dimensional credibility theory. We follow the
standard approach of actuarial practitioners and we only use frequency information
in our credibility approach. However, the severity of experience claims should contain
some valuable information as well, indicating that there might be even more to gain from
credibility theory, if a robust and stable credibility method is developed incorporating
severity information in the experience rating.
An early beginning of credibility theory appeared in Mowbray (1914) and Whitney
(1918). After the elegant approach presented by Buhlmann (1967), and Buhlmann and
Straub (1970), a large number of extensions have been derived. References can be made
to Jewell (1974), Hachemeister (1975), Sundt (1979; 1981), Zehnwirth (1985), see also
Halliwell (1996), Greig (1999) and Buhlmann and Gisler (2005) for more comprehensive
surveys.
Evolutionary models are not new in credibility theory. The idea is that recent
claim information is more valuable than old claim information. This approach was
10
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introduced in the 1970's for one-dimensional credibility models; see Gerber and Jones
(1975a; 1975b) and De Vylder (1976). Much of the work on the time-dependent models
focused on credibility formulas of the updating type. These recursive estimators were
introduced by Mehra (1975) for credibility applications; and further developed by De
Vylder (1977), Sundt (1981) and Kremer (1982). For the time dependence in this
paper we use a multivariate generalization of the recursive credibility estimator of
Sundt (1981), where the risk parameter itself is modelled as an auto-regressive process.
The paper is organized as follows. In Section 2.2 we state the credibility model and
the estimators in our multidimensional setup. The model is generalized in Section 2.3 to
incorporate an evolutionary eect, and a recursive credibility estimator is stated. The
paper is nished with the results of an empirical data study, in Section 2.4, from which
we, in Section 2.5, draw conclusions concerning the predictability of the credibility
estimators.
2.2 Multidimensional Credibility Theory
In this section we repeat the multivariate credibility model of Englund et al. (2008)
and dene a new more robust variance estimator inspired by the elegant approach of
Buhlmann and Gisler (2005). We consider only frequencies of claims.
2.2.1 The multidimensional credibility model
The number of insurance claims Nijk is a stochastic variable and we have an a priori
expected number of claims ijk for individual i 2 (1; : : : ; I) ; calendar year j 2 (1; : : : ; J)
and coverage k 2 (1; : : : ;K). A dot, '', indicates summation over that index. We dene
the standardized number of claims Fij =
h
Nij1
 1
ij1; Nij2
 1
ij2; : : : ; NijK
 1
ijK
iT
.
Model assumptions
(i) Given the vector of individual risk parameters i, all random variables Nijk; rep-
resenting the number of insurance claims, are independent and Poisson-distributed
with expected value E [Nij j i] =

ij1i1; ij2i2; : : : ; ijKiK
T
. The
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expected value and (co-) variance of Fij, conditional on i are:
E [Fij j i] = i
Cov

Fij ;F
T
ij j i

= Sij (i) , with diagonal elements V ar [Fijk j ik] = 
2
k (ik)
ijk
Cov

i;
T
i

= T
(ii) The pairs (1;N1j); (2;N2j); :::; (I ;NIj) are independent, and 1;2; :::;I
are independent and identically distributed with
E [i] =

E [01] ; E [02] ; : : : ; E [0K ]
T
= 0:
The notation i and Nij represents vectors of length K, containing the individual
risk parameters ik and the individual number of insurance claims Nijk, with k 2
(1; : : : ;K), respectively. Furthermore we dene Sij = E [Sij (i)] and Si = E [Si (i)].
2.2.2 The multidimensional credibility estimator
The credibility estimators can be seen as projections in the Hilbert space of all square-
integrable random variables, see e.g. Zehnwirth (1985). Hence, the best linear unbiased
estimator of the multidimensional latent risk parameter i, given the observed experi-
ence, is:
^i = E [i] + Cov [i;Fi]Cov

Fi;FTi
 1
(Fi   E [Fi]) (2.1)
where
Cov [i;Fi] = E [Cov [i;Fi] j i] + Cov [E [i j i] ;E [Fi j i]]
= 0 + Cov

i;
T
i

= T
and
Cov

Fi;FTi

= E

Cov

Fi;FTi
 j i+ Cov hE [Fi j i] ;E [Fi j i]T i
= E [Si (i)] + Cov

i;
T
i

= SW 1i +T
where we have used the notation Si = SW
 1
i . The vector of standardized number
of claims is Fi =

Fi1; Fi2;    ; FiK
T
, where Fik = (
JP
j=1
ijk)
 1 JP
j=1
ijkFijk.
The weight matrix Wi is a diagonal matrix with ik =
PJ
j=1 ijk in the k
th diagonal
12
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element. The credibility weight i takes the following expression, bi = T(SW 1i +
T) 1 = TWi(TWi + S) 1, where the diagonal matrix S contains elements 2k =
E

2k (ik)

. The expression for the credibility weight makes us able to use information
from additional coverages to calculate the individual risk parameter, even if we lack
information in a specic (inactive) coverage. The resulting credibility estimator can be
seen as both a weighted sum of individual and collective claim information, and as a
linear regression:
^i = biFi + (I  bi) 0 (2.2)
= 0 + bi (Fi   0)
I is the identity matrix. Note that the one-dimensional credibility estimator is a trivial
special case of (2:2).
2.2.3 Estimation of the parameters
The estimation of the parameters 0, T and S is inspired by the elegant estimators
presented by Buhlmann and Gisler (2005) for a dierent but related multivariate cred-
ibility problem. We estimate the elements of 0 by ^0k = (
PI
i=1 bik) 1PIi=1 bikFik.
The estimator of S is a diagonal matrix with ^2k as k
th diagonal:
^2k =
1
Jk   Ik
IX
i=1
JX
j=1
ijk (Fijk   Fik)2 :
Jk is the sum of the number of yearly observations for all Ik, individuals with an active
coverage k. Note that we assume the occurrence of claims to be Poisson-distributed and
that this, theoretically, gives us 2k = 0k. The estimation of 0k follows the estimation
of 2k, due to the estimation of the credibility weights, wherefore we use two dierent
estimators for this. The preliminary estimator of T; eT, has diagonal
e2kk = ck
 
1
Ik   1
IX
i=1
ik
k
(Fik   Fk)2   
2
k
k
!
, Fk =
 
IX
i=1
ik
! 1 IX
i=1
ikFik
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and for k 6= k0 :
e2kk0 = ckIkk0   1
IX
i=1
ik
k
(Fik   Fk) (Fik0   Fk0) :
Here Ikk0 is all individuals with both coverage k and k
0 active and k =
PI
i=1 ik
and ik =
PJ
j=1 ikj . The parameter ck in the formulas above takes the expression
ck = (I   1)( Ik
PI
i=1 ik(1  ikk )) 1.
Since e2kk0 may be less than zero the nal diagonal estimator is dened as: 2kk0 =
max
e2kk0 ; 0	. If e2kk0  e2kke2k0k0 we again follow the suggestions in Buhlmann and Gisler
(2005) and replace e2kk0 by:
2kk0 = signum
e2kk0 + e2k0k
2

min
 e2kk0 + e2k0k
2
;
qe2kke2k0k0
!
(2.3)
Even the corrected estimator T resulting from (2:3) is not necessarily positive
semidenite, for K > 2. Therefore, to make the credibility estimation meaningful
and achieve the positive semideniteness, we adjust the estimator one last time. We
compute the eigenvalue decomposition of T, put a oor of zero on the diagonal eigen-
value matrix, and compose the new eigenvalue matrix and we reconstruct the nal
estimator T^. This estimator is more robust to calculate than the original estimator
of Englund et al. (2008). The only parameter left to estimate now is ijk, which we
assume to be estimated from some pricing model developed by the company. This can
be done at various levels of sophistication.
2.3 Evolutionary Eects
A time-independent credibility estimator implies that the risk parameter for each cov-
erage and policyholder is constant over time and the estimator will therefore treat old
and new claim information equally. However, this might be quite insucient in some
cases, e.g., the abilities of a car driver are not constant. Hence, instead of assuming
that the risk characteristics are given once and for all by the parameter i, we now
suppose that the risk characteristics of year s are given by an unknown parameter is,
and that the dependence between is and it decreases as js  tj increases. This is
done by modeling the risk parameter as a stationary process, more specically, as an
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auto-regressive process. The interpretation of this approach is that new claim infor-
mation will aect the claim prediction more than old claim information. We apply the
same time dependency model as Englund et al. (2008), since it is intuitive and easy
to interpret. When it comes to estimation, we follow the recursive estimation principle
of Sundt (1981), which is more stable and easier to implement than the estimator of
Englund et al. (2008).
2.3.1 The time-dependent model and estimator
As a model for the time-dependent credibility estimator we generalize the model stated
in Section 2.2.1 by introducing a new index, and thereby incorporate a time-dependence
and a correlation structure of the latent risk parameter.
We use the same model as in Englund et al. (2008), i.e. we assume the insurance
claims Nijk to be independent and Poisson-distributed, given ijk, with expected value
E [Nijk j ijk] = ijkijk and the process fijkgj=1;:::;J to be an auto-regressive process
with lag 1, with the covariance structure: Cov
h
ijk;
T
i0j0k0
i
= 2kk0 (kk0)
jj j0j if i = i0
and Cov
h
ijk;
T
i0j0k0
i
= 0 otherwise, with 2kk0 = 
2
k0k and jkk0 j  1. Correspond-
ingly to Section 2.2.1 we further assume that E [Fij j ij ] = ij , E [ij ] = 0 and
Cov
h
Fij ;F
T
ij j ij
i
= Sij (ij) with diagonal elements V ar [Fijk j ijk] = 
2
k(ijk)
ijk
.
The recursive estimator of the latent risk parameter is the result of a generalization
of a theorem found and proved in Sundt (1981) for the one-dimensional case, and in
Buhlmann and Gisler (2005) for the multidimensional case. The estimator is
^i(j+1) = a

^ijFij + (I  ^ij) ^ij

+ (I  a) 0 (2.4)
where Fij =

Fij1; Fij2;    ; FijK
T
, as previously noted. a is a diagonal matrix
of elements in [0; 1) driving the stationary auto-regressive processes. The credibility
weight is ^ij = TijWij (TijWij + S)
 1. Similarily to (2:2) the matrix S is diagonal
with elements 2k = E

2k (ijk)

and the matrix Wij is diagonal with ijk, in the k
th
diagonal element. The updating matrix Ti(j+1) is
Ti(j+1) = a
2 (I  ^ij)Tij +
 
I  a2T1
which is the multivariate equivalent of (18) in Sundt (1981). The starting values for
the recursion are ^i1 = ^0 and T1 = T^, as in Section 2.2.2. The elements in a are
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estimated by performing a minimization of the residual sum of squares (see Subsec-
tion 2.4.2) based on the one-dimensional time-dependent credibility estimator for each
coverage. Note that the estimator deals with individual missing values automatically.
2.4 An Application to Danish Commercial Business Lines
In this section we present an extensive study of a eighteen dierent estimators of each
line of business in the four-dimensional commercial data set. We calculate the simple
at rate, which no actuaries would recommend in practise. The comparison of the
performance of respectively the at rate and the sophisticated estimate ^ijk gives us
the possibility to evaluate the extra information that can be extracted from the ob-
served experience. The remaining 16 estimators are credibility estimators with and
without time eect based on varying dimensions of the data set: one, two, three or four
dimensions.
2.4.1 The data set
The data set includes four coverages: Fire, Glass, Other and Water, and consists of
insurance information for 2842 policyholders. We have available the estimated (ex-
pected) claim frequency, the duration !ijk, and the number of reported claims nijk,
for each policyholder, coverage and year. The estimated number of claims, ^ijk, is
the product of the estimated claim frequency and the duration. The estimated claim
frequency was originally determined via a Poisson regression, based on a large number
of covariates from a collateral data set of the same insurance company. We have up
to eight years of information. Only few policyholders have eight years of information
for all four coverages. In Table 1 we present a comparison of the expected and the
reported number of claims for the dierent coverages. The number of expected claims
is lower than the reported in Glass and Other, while it is the opposite situation for Fire
and Water. However, the total number of expected claims is rather close to the total
number of reported ones.
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Table 1
The expected and the reported total number of claims in the
dierent coverages.
Insurance Total number of Total number of
coverage expected claims reported claims
Building - Fire 809 787
Building - Glass 7455 7797
Building - Other 1980 2004
Building - Water 2763 2731
2.4.2 The results
Let us rst consider the situation without a time eect. For every coverage, for example
Fire, we have one credibility estimator based on all four dimensions, three credibility
estimators based on three dimensions, three credibility estimators based two dimen-
sions, and one credibility estimator based on one dimension. That is eight estimators.
We also consider the same eight credibility estimators with time eect, therefore we
have a total of sixteen credibility estimators for each coverage. In the following we
evaluate their performance and compare them to the at rate and to the sophisticated
rating that does not take advantage of experience rating.
1d CE: the one-dimensional credibility estimator, inuenced only by claims occurring
in that coverage,
2d CE: the two-dimensional credibility estimator, inuenced by claims occurring in
that and one other coverage,
3d CE: the three-dimensional credibility estimator, inuenced by claims occurring in
that and two other coverages,
4d CE: the four-dimensional credibility estimator, inuenced by claims occurring in
all four coverages.
17
2. MULTIDIMENSIONAL CREDIBILITY WITH TIME EFFECTS - AN
APPLICATION TO COMMERCIAL BUSINESS LINES
A time-dependent credibility estimator is denoted with a 't', e.g. 3d tCE for the
three-dimensional time-dependent credibility estimator.
We use the residual sum of squares (SS) as our performance measure:
SS =
IX
i=1

N^ijk   nijk
2
; k = 1; 2; 3; 4
where N^ijk is the estimated number of claims for individual i in coverage k, i.e. either
N^ijk =
bk, N^ijk = ^ijk or N^ijk = ^ijk^ik. The estimate bk is calculated with the
estimator
k =
PI
i=1
PJ
j=1 nijk(
PI
i=1
PJ
j=1 !ijk)
 1, which is the so-called mean value estimator
(MVE), also called the at rate. This estimator is introduced to get a better notion
of the improvement in prediction received by using any of the credibility estimators.
With the MVE every individual is considered having equal risk, which means that the
estimator is one of the simplest possible. It is neither aected by covariates nor by
individual claim record. The estimate of the latent risk parameter ^ik is calculated
with any of the credibility estimators, and nijk is the reported number of claims in
the validation data set, which consists of all individual information in a specic year
j = J+1, for each policyholder. I.e. we use as estimation data all customers' individual
claims experience in all but their last year of policy duration. All customers' last year
of policy duration then forms the validation data set, hence we are performing an out-
of-sample validation study. The results are presented in Figure 2.1. In this gure the
SS values, normalized (divided) with the SS value for the present estimator ^ijk, for
18 dierent estimators are plotted, which from the left are the mean value estimator
k, the present estimator ^ijk and the 16 dierent credibility estimators ^ijk^ik. In
Table 2 we present a sheet to make he interpretation of Figure 2.1 easier.
Table 3 contains the resulting SS values represented in Figure 2.1.
The numbers on the horizontal axis of the subgures in Figure 2.1 are keyed to
Table 2.
For the four-dimensional case we present the estimated covariance matrix T^ to
show how the claim experience is connected between the dierent coverages, which
corresponds to the correlation matrix C:
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Figure 2.1: The normalized Sum of Squares (nSS) values for the dierent estimators.
T^ =
2664
2:708 0:1537 0:2315 0:1744
0:1537 1:692 0:5838 0:2394
0:2315 0:5838 1:444 0:1015
0:1744 0:2394 0:1015 1:025
3775, C =
2664
1 0:0718 0:1171 0:1047
0:0718 1 0:3735 0:1818
0:1171 0:3735 1 0:0835
0:1047 0:1818 0:0835 1
3775.
According to Figure 2.1 we see that a credibility estimator is the best choice for
claim prediction in every one of the four coverages. However, the optimal choice of
estimator, for each specic coverage, varies, and a universal answer to which is the best
estimator can therefore not be found according to Figure 2.1. The best estimators for
the four dierent coverages are:
Fire: The three-dimensional estimator with Glass and Water as additional coverages.
Glass: The two-dimensional estimator with Other as additional coverages.
Other: The three-dimensional estimator with Fire and Glass as additional coverages.
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Water: The three-dimensional time-dependent estimator with Fire and Other as ad-
ditional coverages.
2.5 Discussion and Conclusions
The conclusion of our empirical study is that experience rating is extremely useful
for pricing. While this hardly is a surprising conclusion, it might be surprising that
we are able to present a situation in which the inclusion of experience rating gives
an extra improvement of the same order of magnitude as the improvement obtained
from leaving the trivial at rate and entering sophisticated rating principles without
experience rating. We also conclude that our multivariate credibility approach indeed
is capable of improving the quality of estimation compared to classical one-dimensional
credibility theory. However, the most important thing is to use experience rating; the
multivariate approach is just an extra improvement. Note that adding the time eect
does not generally improve prediction in our case. The reason seems to be that our
average duration of information is too short to divide it into old and new observations.
We therefore expect that adding a time eect would improve prediction in our case if,
for example, an average of ten years of observed history were available.
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3A credibility method for
protable cross-selling of
insurance products
Abstract
A method is presented for identifying an expected protable set of customers, to oer them
an additional insurance product, by estimating a customer specic latent risk prole, for the
additional product, by using the customer specic available data for an existing insurance
product of the specic customer. For the purpose, a multivariate credibility estimator is
considered and we investigate the eect of assuming that one (of two) insurance products
is inactive (without available claims information) when estimating the latent risk prole.
Instead, available customer specic claims information from the active existing insurance
product is used to estimate the risk prole and thereafter assess whether or not to include a
specic customer in an expected protable set of customers. The method is tested using a
large real data set from a Danish insurance company and it is shown that sets of customers,
with up to 36% less claims than a priori expected, are produced as a result of the method. It
is therefore argued that the proposed method could be considered, by an insurance company,
when cross-selling insurance products to existing customers.
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3. A CREDIBILITY METHOD FOR PROFITABLE CROSS-SELLING
OF INSURANCE PRODUCTS
3.1 Introduction
This chapter is a revised version of the paper Thuring (2012).
Many marketers of consumer products have noticed that, as part of their marketing
campaign, they can oer insurance cover for their products for sale, such as free car
insurance for a new car or specic insurance for a new piece of home electronics. Of-
ten the insurance cover is not provided by the marketers themselves but through a
partnership agreement with an insurance provider, which may see this as one of its
distribution channels. As a consequence, consumers will have dierent insurance cover
for many of their products, most probably from dierent insurance providers, and ex-
cept from losing the possibility to get a bundling discount, on insurances from the
same insurer, the consumers will experience few negative eects with having multiple
insurance providers. However, from an insurance company's point of view, providing
only a single or few insurance products to a customer is seldom desirable since such
customers are more likely to cancel their existing business with the company in favour
of a competitor, see Kamakura et al. (2003) for a general discussion about cross-selling
as a method for retaining customers and Brockett et al. (2008) for an overview on how
much time is left to stop total customer defection. Hence, insurance companies would
be interested in developing their sales methods for increasing the number of products
for their existing customers.
Increasing the number of products of a company's existing customers is referred
to as cross-selling. In most cases this means personal communication, often through
call-centres, with the customers for which the expected demand for a certain product is
high. In this paper it is argued that for some businesses, especially insurance business,
there is an alternative to this sales driven cross-selling approach. Unlike conventional
retail products, insurance products are associated with costs that are stochastic and
determined at a stochastic time interval after a sale has been made. This stochasticity
implies that, from an insurer's point of view, also the protability for a certain customer
is stochastic. However, the protability might be predictable and hence reveal sets of
customers which are preferable for the insurance company to extend the existing busi-
ness with. This paper contributes with a method for such protability predictions not
found in either the marketing or the actuarial literature. In the data study in Section
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3.4, it is shown that the proposed method produces sets of customers with up to 36%
less claims than expected. While this is just one example for one particular data set it
still suggests that the method would be useful in practice.
The marketing literature on cross-sale models focuses primarily on various ways to
model the demand for a certain cross-sale product amongst a company's customers.
Often dierent regression models are evaluated based on data for the sales response of
past cross-sale attempts, where patterns of the customers with high demand is sought
after. One of the rst eorts to model a cross-sale opportunity formally is Kamakura et
al. (1991), where a latent trait model is presented for the probability that a consumer
would use a particular product or service, based on their ownership of other products
or services. Another study is made by Knott et al. (2002) where a comparison is made
of four dierent models for the probability of a successful cross-sale. Kamakura et al.
(2003) discuss reasons why cross-selling is crucial for nancial services (such as banks
and insurance companies) and present a predictive model for whether or not customers
satisfy their needs for nancial services elsewhere. They argue that when a customer
acquires more products or services from the same company, the switching cost of the
customer increases and thereby minimises the risk of the customer leaving for a com-
petitor. In Li et al. (2005) a natural ordering in which to present dierent products
to a customer is investigated. They model the development over time for customer de-
mand of multiple products and apply latent trait analysis to position nancial services
at correct time points within the customer lifetime.
The cross-sale method presented in this paper uses developments in multivariate
credibility theory, for calculating a customer i's expected protability of the cross-sale
insurance product k with available data from another insurance product k0. The ac-
tuarial research branch of credibility theory investigates how collective and individual
information should be weighted to produce a fair insurance premium for each individ-
ual. The literature on the subject is rich, dating back to early papers by Mowbray
(1914) and Whitney (1918) which are the rst studies of what later became known as
credibility theory. Pioneering papers on credibility theory are Buhlmann (1967) and
Buhlmann & Straub (1970) where in the latter paper the Buhlmann-Straub credibility
estimator is derived. Credibility estimators and Bayesian statistics are investigated in
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e.g. Bailey (1950), Jewell (1974) and Gangopadhyay & Gau (2007). This paper uses
developments of multivariate credibility found in Englund et al. (2008) and Englund et
al. (2009), both papers model frequency of insurance claims from correlated business
lines. Multivariate credibility models are also found in Venter (1985), describing multi-
variate credibility models in a hierarchical framework, and Jewel (1989), investigating
multivariate predictions of rst and second order moments in a credibility setting. More
recent references are Frees (2003), who applies multivariate credibility models for pre-
dicting aggregate loss, and Buhlmann & Gisler (2005), which is one of the standard
references in credibility theory.
The structure of the paper is as follows. In Section 3.2 the credibility model is
described and the estimator is presented for the case of complete data for both products.
In Section 3.3 the multivariate credibility estimator for cross-selling is presented for the
case of unavailable information for the cross-sale product k. In Section 3.4 the cross-sale
method is tested and analysed on a large data set from the personal lines of business
of a Danish insurance company and concluding remarks are found in Section 3.5.
3.2 The credibility model and estimator
We use the model from Englund et al. (2008) and estimation following Englund et al.
(2009). We consider insurance customers i = 1; : : : ; I in time periods j = 1; : : : ; Ji with
insurance products k0 and k, for convenience we will use the index l 2 k0; k and r 2 k0; k
for insurance products in general. The insurance customer i is characterised by his/her
individual risk prole il which is a realisation of the independent and identically dis-
tributed random variable il, with E [il] = 0l and Cov [il;ir] = 2lr with l; r 2
fk0; kg , 0l is often called the collective risk prole. The number of insurance claims
Nijl is assumed to be a Poisson distributed random variable with conditional expec-
tation E [Nijl j il] = ijlil and the pairs (1l; N1jl) ; (2l; N2jl) ; : : : ; (Il; NIjl) are
independent. We have a priori expected number of claims ijl = eijlgl (Yijl) of customer
i in period j and product l 2 k0; k, which depends on the exposure eijl, a regression
function gl and of a set of explanatory tari variables Yijl characterising the customer
and the insured object. Note that gl is common for all customers i and time periods
j and is estimated based on collateral data from the insurance company. We assume
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that eijl can take values between [0; 1], where eijl = 0 means that the l-th product is
not active for customer i in time period j and correspondingly, eijl = 1 means that the
product l of customer i is active during the entire time period j. We dene Fijl =
Nijl
ijl
,
which is a measure of the deviation between the a priori expected number of claims ijl
and the actual number of claims Nijl . Further we assume that the insurance premium
Pijl is proportional to ijl and that the claim severities X
()
ijl ,  = 1; 2; : : : ; Nijl are inde-
pendent and also independent of Nijl with E
h
X
()
ijl
i
= hl (Xijl). Analogous to the claim
frequency, Xijl is a set of explanatory variables and hl a regression function. Note that
E [Fijl j il] = il and, under the stated assumptions, the lower the individual risk pro-
le il is, the higher the protability is. We assume a conditional covariance structure
of Fijl as V ar [Fijl j il] = 
2
l (il)
ijl
and Cov

Fijk0 ; Fijk j ik0 ;ik

= 0, where 2l (il)
is the variance within an individual customer i, for l 2 k0; k. With Fil =
PJi
j=1NijlPJi
j=1 ijl
and il =
PJi
j=1 ijl we get V ar [Fil j il] = 
2
l (il)
il and Cov [Fik0 ; Fik j ik0 ;ik] = 0.
Since we consider the two-dimensional case with the specic insurance products k0
and k, under the stated model assumptions, the multivariate credibility estimator of
i = [ik0 ; ik]
0 is (see Englund et al., 2009 and Buhlmann & Gisler 2005, p. 181)
^i = 0 + i (Fi   0) (3.1)
with ^i =
h
^ik0 ; ^ik
i0
, 0 = [0k0 ; 0k]
0 , Fi = [Fik0 ; Fik]0 and i =

ik0k0 ik0k
ikk0 ikk

.
The credibility weight i = Ti(Ti + S)
 1 where T =

2k0k0 
2
k0k
2kk0 
2
kk

,
 =

ik0 0
0 ik

and S =

2k0 0
0 2k

, see Englund et al. (2009). The parameters
2k0 and 
2
k are equal to E

2k0 (ik0)

and E

2k (ik)

, respectively. We are considering
a homogeneous credibility estimator and we therefore need an estimator for the collec-
tive risk proles 0k0 and 0k. An unbiased estimator is found in Buhlmann & Gisler
(2005 p. 183) as ^0 =

IP
i=1
i
 1 IP
i=1
iFi. Performing the matrix multiplication in
(3:1) gives the multivariate credibility estimator of ik, for the specic product k, based
on Fik0 and Fik as,
^ik = 0k + ikk0 (Fik0   0k0) + ikk (Fik   0k) : (3.2)
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For the estimation procedure of the parameter matrices S and T see e.g. Buhlmann &
Gisler (2005) pp. 185-186 or Englund et al. (2009).
3.3 Cross-selling with the credibility estimator
We are interested in cross-selling an insurance product k to a set  of customers already
having another insurance product k0 from the insurance company. The hypothesis is
that an estimator ^ikk0 , of the risk prole ik, can be obtained, based only on the
available data for Fik0 with respect to the existing product k0, and that a protable
cross-sale set  would consist of customers with as low ^ikk0 as possible. Prior to
cross-selling product k to the i-th customer, product k is inactive and no claims have
been reported i.e. nijk = 0. Also the exposure eijk = 0, with respect to the cross-sale
product k, which leads to ikk = 0 and ikk0 =
ik02kk0
ik02k0k0+
2
k0
in (3:2). The credibility
estimator of ik, based only on the available Fik0 , becomes
^ikk0 = 0k +
ik02kk0
ik02k0k0 + 
2
k0
(Fik0   0k0) : (3.3)
Note that, in order to be able to evaluate (3:3), estimates of 0k, 
2
kk0 , 
2
k0k0 , 
2
k0 and
0k0 need to be obtained from a collateral data set consisting of customers with both
products k and k0 active and whose characteristics are as close to the characteristics of
the customers, for which an estimate of the risk prole ik is sought after.
Considering that Fik0 =
PJi
j=1Nijk0PJi
j=1 ijk0
, a customer i with Fik0 < 1 has reported fewer
insurance claims than a priori expected (for the existing product k0) and has therefore
been a more protable customer than a customer i0 with Fi0k0 > 1. Hence, from
the insurance company's point of view, a customer i is preferred over a customer i0 if
^ikk0 < ^i0kk0 and the expected most protable set 
 of size  to cross-sale a product
k to is the rst  customers when ordered by increasing ^ikk0 as
^(1)kk0  ^(2)kk0  : : :  ^()kk0  : : :  ^(I)kk0 : (3.4)
There are two ways to select the cross-sale set . Either by setting  to a predened
number of customers and using (3:4) to dene  or by setting an upper limit L for
which all customers with ^ikk0  L are in . A similar remark is made in Knott et
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al. (2002) regarding the probability of a successful cross-sale. We dene the expected
average protability for a cross-sale set  as
k () =
1

X
i2
^ikk0 : (3.5)
We also dene the corresponding observed value Fk () as
Fk () =
P
i2
ikkFikP
i2
ikk
; (3.6)
where the weighting with ikk is needed for an unbiased comparison between k () and
Fk (). Please note that the notation  represents an arbitrary subset of customers
and that  an optimal subset of arbitrary size.
3.4 Data study
We have a large data set available from the personal lines of business of a Danish
insurance company consisting of number of claims nijl (assumed to be realisations of
a Poisson distributed random variable Nijl  Po

^ijlil

) and an estimate of the a
priori expected number of claims ^ijl, for 3 dierent insurance products, l 2 f1; 2; 3g
where l = 1 represents motor insurance, l = 2 represents building insurance and l = 3
represents content insurance . The estimate ^ijl is received via a Poisson regression
based on a collateral data set from the same company, which is not available to us. In
the data set we have available, there are 95668 unique customers who all have active
products f1; 2; 3g during the Ji years of engagement with the company. The number Ji
is individual, between 1 and 5, and each record is unique for customer i in time period
j making the total number of records in the data set 306196. Figure 3.1 presents
histograms of the a priori expected number of claims ^ijl and observed number of
claims nijl, for l 2 f1; 2; 3g, in the data set.
Notice the large number of the records with 0 number of claims (lower row of
graphs), which is in line with what can be expected from personal lines insurance
business where claims are infrequent. This is also reected in the rather low values of
the a priori expected number of claims for each record (upper row of graphs).
31
3. A CREDIBILITY METHOD FOR PROFITABLE CROSS-SELLING
OF INSURANCE PRODUCTS
Histogram of λij1
λij1
Fre
que
ncy
0.0 0.2 0.4 0.6 0.8 1.0
0
200
00
600
00
100
000
Histogram of λij2
λij2
Fre
que
ncy
0.0 0.2 0.4 0.6 0.8 1.0
0
200
00
600
00
100
000
Histogram of λij3
λij3
Fre
que
ncy
0.0 0.2 0.4 0.6 0.8 1.0
0
200
00
600
00
100
000
0 2 4 6 8
Histogram of nij1
nij1
Fre
que
ncy
0
500
00
150
000
250
000
0 2 4 6 8
Histogram of nij2
nij2
Fre
que
ncy
0
500
00
150
000
250
000
0 2 4 6 8
Histogram of nij3
nij3
Fre
que
ncy
0
500
00
150
000
250
000
Figure 3.1: Histograms of the a priori expected number of claims ^ijl and observed
number of claims nijl , for the data set of Danish insurance customers.
We randomly divide the data set into one estimation data set (75% of the 95668
customers), for estimation of the model parameters as described in Buhlmann & Gisler
(2005) pp. 185-186 or Englund et al. (2009), and one validation data set (the remaining
25% of the customers) . The estimates of the model parameters, obtained from the
estimation data set, are found in Table 1.
Table 1
Estimates of the model parameters,
obtained from the estimation data set.
l ^l ^l1 ^l2 ^l3 ^0l
1 1.377 0.322 0.151 0.247 0.946
2 0.986 0.151 0.402 0.489 0.919
3 0.915 0.247 0.489 0.609 0.892
For the validation data set, we dene the cross-sale product k to be any of f1; 2; 3g and
dene the existing product k0 to be any of the other products in f1; 2; 3g with k 6= k0.
Thereafter ^ikk0 is estimated using (3:3), for every customer i in the validation data set,
using the estimated model parameters in Table 1 and by using that Fik0 has taken the
observed individual values Fik0 =
PJi
j=1 nijk0PJi
j=1 ^ijk0
, for every customer i in the validation data
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set, with respect to the existing product k0. Hence, we imagine only knowing about the
a priori expected number of claims ^ik0 and the observed number of claims nik0 , with
respect to the existing product k0, in the validation data set. This is a very realistic
situation for an insurance company aiming at cross-selling the i-th customer another
insurance product k, by estimating specic model parameters, using a collateral data
set, and thereafter evaluating the model with available customer specic information
in order to assess (in this case) the customer's individual risk prole.
Since we have the a priori expected number of claims ^ik and the observed number
of claims nik available, for the customers in the validation data set, with respect to
the cross-sale product k, we are able to evaluate if ^ikk0 is a good estimator of the
risk prole ik. It should be noted that since we have claims information, ^ik and
nik with respect to the cross-sale product k, for every customer i in the validation
data set, our imaginary cross-sale campaign has resulted in every customer accepting
the cross-sale oer. This is of course unlikely in practice, where normally as few as
1 of 10 approached customers accept a cross-sale oer, but this is assumed in order
not to obstruct the study. A more realistic study would be to incorporate a (possibly
generalised linear) model for the cross-sale probability and analyse observed data from
a cross-sale campaign, but this is outside the scope of the paper.
As stated in Section 3.3, we aim at cross-selling a product k to an expected protable
subset  from a larger group of customers. We estimate ik with ^ikk0 using (3:3), for
the customers in the validation data set, order these by increasing ^ikk0 (see (3:4))
and divide them into a number of equally sized sets m; with m = 1; : : : ;M . We set
M = 10 which gives
1 : ^(1)kk0  ^(2)kk0  : : :  ^(1)kk0
2 : ^(1+1)kk0  ^(1+2)kk0  : : :  ^(21)kk0
...
10 : ^(91+1)kk0  ^(91+2)kk0  : : :  ^(I)kk0 .
The size of each set m is m = 2; 382 for m = 1; : : : ; 10 and I = 23820 is here the
number of customers in the validation data set. It is obvious that k (1)  k (2) : : : 
k (10), see (3:5).
Figures 3:2-3:4 show k (m) and Fk (m) for the 10 sets 1; : : : ;10 for k = 1, k = 2
and k = 3, respectively. The risk prole ^ikk0 is estimated using the model parameter
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estimates obtained from the estimation data set (see Table 1) and the available customer
specic information about ^ik0 and nik0 for customer i in the validation data set, with
respect to one of the other products k0 2 f1; 2; 3g with k 6= k0. From gures 3:2-3:4, it
should be noted that the observed average protability Fk (m) follows the expected
average protability k (m) nicely, which suggest that the estimator in (3:3) produces
estimates of the risk prole ik close to the actual values.
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Figure 3.2: Expected (lled dots) and observed (circles) average protability for cross-
selling of product k = 1,
based on data from either product k0 = 2 or product k0 = 3.
As can be seen, from gures 3:2-3:4, dierent product combinations (of the cross-
sale product k and the existing product k0) produces slightly dierent shapes of the
expected average protability as a function of the dierent subsets m, m = 1; : : : 10.
Comparing e.g. left and right hand sub-plot of gure 3.4, there is a larger spread
between 3 (1) and 3 (10) for the product combination k = 3 and k
0 = 2 than for
product combination k = 3 and k0 = 1. This indicates that the estimator ^i32 (based
on available data from product k0 = 2) dierentiates between expected protable and
expected unprotable subsets m in a more eective way than the estimator ^i31 (based
on available data from product k0 = 1). Hence, available claims information for product
k0 = 2 should be preferred over corresponding information from product k0 = 1, when
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Figure 3.3: Expected (lled dots) and observed (circles) average protability for cross-
selling of product k = 2,
based on data from either product k0 = 1 or product k0 = 3.
selecting customers to cross-sale product k = 3 to. Similar comparisons can be made
with respect to gure 3.2 and gure 3.3.
A realistic situation, for an insurance company aiming at cross-selling a product k to
its existing customers with a product k0, is to dene a maximum number of customers
to approach. The reason being limited resources for interacting with the customers,
e.g. limited number of employees in the call centre. We replicate this situation by
assuming that the maximum number of customers, which the insurance company has
resources to approach, is m = 2382 (i.e. the size of one of the subsets m) and the
company should select the expected most protable customers from its portfolio of ex-
isting customers. We assume that the portfolio of existing customers is the validation
data set where individual claims information from the cross-sale product k is imagined
unavailable. Since k (1)  k (2) : : :  k (10), the expected most protable set
of customers to approach is 1. The expected average protability k (1) as well as
the observed average protability Fk (1), for all combinations of k and k
0, is shown in
Table 2. We assume that all of the 2382 imagined contacted customers accepted the
oer of purchasing the cross-sale product k.
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Figure 3.4: Expected (lled dots) and observed (circles) average protability for cross-
selling of product k = 3,
based on data from either product k0 = 1 or product k0 = 2.
Table 2
Expected k (1) and observed Fk (1) average protability in the expected
most protable cross-sale set 1. Also the corresponding minimum ^(1)kk0
and maximum ^(1)kk0 values of estimated risk proles are shown.
k k0 ^(1)kk0 ^(1)kk0 k (1) Fk (1)
1 2 0.79 0.87 0.86 0.85
1 3 0.72 0.84 0.82 0.84
2 1 0.70 0.84 0.82 0.81
2 3 0.48 0.70 0.66 0.67
3 1 0.54 0.76 0.73 0.73
3 2 0.39 0.64 0.60 0.65
From Table 2, the observed average protability Fk (1) for the product combination
(k = 2, k0 = 3) and (k = 3, k0 = 2) deserves special attention. For k = 2 and k0 = 3
an average protability of Fk (1) = 0:67 is observed, interpreted as this set consists
of customers with on average 33% less observed claims than a priori expected. The
corresponding situation for k = 3 and k0 = 2 results in a set of customers with on
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average 36% less observed claims than a priori expected. This indicates not only that
protable selections are available but also that the correlation in claim occurrence is
relatively high between the building product (k = 2) and the content product (k = 3),
i.e. customers with reported number of claims lower than a priori expected for one of
the products, suggests that a similar pattern can be expected with respect to the other.
The smallest eect is shown for product k = 1, the set 1 consists of customers with
on average between 15% and 16% less observed claims than expected.
3.5 Concluding remarks
This paper presents a method for identifying an expected protable set of customers
, to cross-sell to them an insurance product k, by estimating a customer specic
latent risk prole ik using the customer specic available data for another insurance
product k0. For the purpose, we consider a multivariate credibility estimator found in
Englund et al. (2009) and investigate the eect of assuming that one (of two) insurance
products is inactive (without available claims information) when estimating the latent
risk prole ik. We also recognise that in order to estimate ik, estimates of certain
model parameters have to be obtained from collateral data consisting of customers with
both products k and k0 active, and whose characteristics are close to the characteristics
of the customers for which an estimate of ik is sought after.
In Section 3.4 we have tested the proposed cross-sale method with a large data
set from a Danish insurance company consisting of personal lines customers with 3
active insurance products (at the time of data collection). The data set is randomly
divided into two data sets, where estimates of the model parameters are obtained from
the estimation data set and a customer specic latent risk prole ik is estimated for
every customer in the other validation data set. The estimate of the latent risk prole
^ikk0 , for the cross-sale product k 2 f1; 2; 3g, is obtained with the model parameters
from the estimation data set and the available, customer specic, information about
^ik0 and nik0 , in the validation data set, with respect to the existing product k0 2
f1; 2; 3g, with k 6= k0.
The observed average protability Fk () for a set  of customers is close to
the expected average protability k (), with only few exceptions, as seen in g-
ures 3:2, 3:3 and 3:4, which suggest that the estimators ^ikk0 (k 2 f1; 2; 3g and k0 2
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f1; 2; 3g, with k 6= k0) would be useful in practice. However, the validation is per-
formed using only a single data set and the method might give other results for other
data sets, especially if the correlation in claim occurrence (between insurance products)
is low. For the analysed Danish insurance data set, there are combinations of cross-sale
product k and existing product k0 which perform better than others, especially the
combinations (k = 2, k0 = 3) and (k = 3, k0 = 2) produce very protable cross-sale
selections with an observed average protability as low as 0:64, which is interpreted as
36% less reported claims than a priori expected. This indicates a strong correlation
between building claims (k = 2) and content claims (k = 3) and it is argued that an
insurance company would be interested in directing cross-sale eorts towards customers
with high protability for one of these products but lacking the other one. Even though
the eect is smaller when cross-selling motor insurance (k = 1), gure 3:2 and Table
2 show that the proposed cross-sale method is able to identify a set of customers with
16% less claims than expected, which for a large insurance company translates into a
considerable prot increase. The insurance company might also consider oering dis-
counted premiums, on the cross-sale product k, to the customers in a set , to increase
sales volume. In this case 1  ^ikk0 , for the customers i 2 , can be used as a limit for
how large the discount, for a specic customer i, is allowed to be.
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4Selecting prospects for
cross-selling nancial products
using multivariate credibility
Abstract
Insurance policies or credit instruments are nancial products that involve a long-term re-
lationship between the customer and the company. For many companies a possible way to
expand its business is to sell more products to preferred customers in its portfolio. Data
on the customers' past behaviour is stored in the company's data base and these data can
be used to assess whether or not more products should be oered to a specic customer.
In particular, data on past claiming history, for insurance products, or past information on
defaulting, for banking products, can be useful for determining how the client is expected
to behave in other nancial products. This study implements a method for using historical
information of each individual customer, and the portfolio as a whole, to select a target group
of customers to whom it would be interesting to oer more products. This research can help
to improve marketing to existing customers and to earn higher prots for the company.
41
4. SELECTING PROSPECTS FOR CROSS-SELLING FINANCIAL
PRODUCTS USING MULTIVARIATE CREDIBILITY
4.1 Introduction
This chapter is a revised version of the paper Thuring et al. (2012).
Cross-selling means approaching the present customers of a company and encourag-
ing them to increase their engagement with the company by purchasing one or many
additional products. It is one of the main tools for managers to strengthen the cus-
tomer relationship (Kamakura et al., 1991). In the nancial sector, customers have
a long-term relationship with their service provider and data on their characteristics,
transactions, demographics and behaviour is stored in the company's data base, see
Seng and Chen (2010) and Liao et al. (2011). This information can be used to select
preferred customers and cross-sell them products they do not yet possess.
We present a method that describes how to model past behaviour in multiple nan-
cial products in order to estimate a customer specic risk prole for a certain product
not yet owned by him or her, see e.g. Bae and Kim (2010) and Guillen et al. (2012) for
other examples of modelling customer behaviour. Thereafter, the risk prole estimate
is used to select which customers, from the company's portfolio, to approach and at-
tempt to make a cross-sale. Knowledge about past customer behaviour in one nancial
services product is known to explain the performance in another related product, of
the same customer (see e.g. Englund et al., 2009 or Thuring, 2012). Our objective
is to show a case study of this method and to explain how such a system can be im-
plemented in practice. The general procedure is described in Figure 4.1 where we see,
from data analysis to customer selection, how a nancial services company can select
a target group of customers in order to cross-sell them a certain product. Initially,
data on customers with several products are analysed and a model is specied. The
model predicts an individual score for each customer with respect to a nancial services
product he/she does not own. In our paper the score is called risk prole because it pre-
dicts the customer behaviour, for a particular not owned product, given the individual
information about the behaviour in other owned and related products. The company
can then select a target group for a marketing campaign based on the predicted risk
proles, oer a specic product to this group and thereafter the success of the cross-sale
campaign can be analysed to rene the model, see also Malthouse (2010).
In an insurance company the method presented in Section 4.3 can be used to de-
tect customers likely to report few insurance claims, with respect to a not yet owned
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Figure 4.1: Workow for cross-selling in the nancial sector
insurance coverage, and cross-sell them that specic coverage at possibly a discounted
premium level. Insurance companies normally have models for the expected (yearly)
claim frequency, given certain characteristics of the customer and the insured object,
which have been estimated based on collateral data on historic claims reported by past
and present customers of the company, see Denuit et al. (2007) for details on claims
frequency models. When predicting the claim frequency of a specic customer, such
models do not usually take into consideration the individual claims experience of that
customer, but predict the claims frequency based on a risk categorization which is a
function of the characteristics with respect to the customer and the object. Since there
can be customers with more or less risk adverse (individual) behaviour, there are cases
for which the claim frequency model over-estimates or under-estimates the claim occur-
rence. If, for a certain customer, the claim frequency model over-estimates the claim
occurrence the customer is reporting "fewer claims than expected", on the other hand if
the claim frequency model under-estimates the claim occurrence the customer reports
"more claims than expected". By knowing about the individual behaviour (more or
less claims than expected) in one or many of a customer's existing coverages, a similar
behaviour can be expected for another coverage, not yet owned by the customer. For
instance, someone who has a motor insurance policy coverage and who claimed less
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than expected is probably also going to be claiming less than expected in other cover-
ages such as house insurance. This phenomenon can be explained by the attitude that
individuals have towards risk (see Slovic et al., 2004 and Harrison et al., 2007). People
that are very much risk adverse drive carefully and also maintain their houses and be-
longings in good conditions. As a result, there is a correlation between the number of
claims that they report to their insurance company in two dierent insurance coverages.
On the other hand, some individuals have a completely dierent attitude towards risk,
they are more aggressive when driving and are therefore expected to be careless about
their properties too. So, when cross-selling house coverage to individuals who already
have motor insurance with the company, it would be wise to take into consideration
the observed number of car claims (for the specic customer) in comparison to the
expected number of car claims. Note that the reverse is also true, the number of past
house insurance claims can help to predict future car insurance claims.
A similar argument can be made for the banking sector. Customers who have
not defaulted in the past on their loans and/or have a awless credit card payment
history, are the ones also expected to be protable for other credit instruments. As for
insurance companies, banks and other credit institutions have models and assessments
for the likelihood of a customer not being able to repay credit card loans or mortgages
and the concept of "fewer incident than expected" and "more incidents than expected"
is applicable here as well. In the proceeding, we will refer to all events leading to a
customer induced loss for a nancial services company (insurance claims, loan defaults,
non-repayment of credit card loans, etc.) as incidents.
The rest of the paper is organized as follows. In Section 4.2 we present the back-
ground of cross-selling and marketing of nancial products. We show that selecting
customers, based on behaviour in other related products, is an issue that has received
limited attention in existing works. Section 4.2 also provides a short overview of cred-
ibility theory, which we use to estimate the individual risk prole. In Section 4.3 we
briey show how the risk prole can be obtained, in the cross-selling case, and Section
4.4 presents a real case study on customers from the database of a Swedish insurance
company. The results illustrate how the methods can be used in practice, they show
that implementation is straightforward and can lead to substantial prot improvement
compared to a strategy, for cross-selling, where customers are selected randomly. Fi-
nally, Section 4.5 concludes.
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4.2 Background
We rst review recent cross-sale studies and thereafter the concept of credibility theory,
which is the technique used for evaluating cross-sell prospects in this paper.
4.2.1 Cross sale models
Understanding and using cross-selling techniques is crucially important for a company
because as the customers acquire more products from the same provider, the switch-
ing cost, associated with leaving for a competitor, increases (Kamakura et al., 2003).
Therefore, cross-selling is considered a strong driver for lowering the customer churn,
increasing the number of loyal customers and obtaining higher customer lifetime value
(Akura and Srinivasan, 2005). In addition to this, considering product features allows
signicant contributions for managers striving for valuable and strong relationship with
their current customer base (Lariviere and Van den Poel, 2004). Another important,
but not as obvious, benet from cross-selling is that companies can learn more about
the customers' preferences and buying behaviour (Kamakura et al., 2003) and cumu-
late various types of data to their data warehouse e.g. demographic information (Ahn
et al., 2011). Such information can be used as explanatory variables to predict cer-
tain behaviours of the customers such as customer retention and protability outcomes
(Lariviere and Van den Pol, 2005).
Other studies focus on modeling the probability of a successful cross-sale attempt.
In an early study by Kamakura et al. (1991) probabilistic predictions are made on
whether or not a customer would purchase a particular product/service based on their
ownership of other products/services. In Knott et al. (2002), dierent models are
applied to predict which product a customer is expected to buy next and the approach
is further developed in Li et al. (2005), where also the appropriate time to approach a
specic customer is studied.
Even though many studies have been made on cross-selling as a method for increas-
ing a company's revenue, only few discuss potential heterogeneity in the protability
of the cross-sale prospects. As pointed out in Lariviere and Van den Pol (2005), nan-
cial products are not the typical grocery products such as milk, coee or cookies, but
products that are bought and owned for a specic period in time. In addition to this,
nancial products are associated with uncertain costs which are determined at some
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(uncertain) time after the product is sold. Therefore it is not guaranteed that a suc-
cessful cross-sale attempt, to a specic customer, will generate prot to the company.
Instead if the cross-sold product generates claims (for an insurance company) or a loan
default (for a lending bank) the nancial services product actually generates a loss to
the company, in most cases far greater than the income at the point of sale (insurance
premium or interest payment). Englund et al. (2008) suggest that their multivariate
credibility estimator could be used for evaluating cross-sale prospects by taking into
account only information from the other insurance products of these specic prospects.
The resulting estimate of the risk prole can be used to identify the expected protable
customers (having less than expected number of claims or loan defaults) and hence
increase the company's total prot from cross-selling.
4.2.2 Credibility theory
In actuarial science, credibility theory is a technique widely used to price dierent
insurance coverage such as health, life and property insurance (Frees, 2003). In general,
the idea is to weight data, associated with an individual policyholder (or group of
policyholders), with data from a collective of policyholders using a credibility weight
,
individual estimate =  individual data + (1  ) collective data :
A historical review of credibility theory starts with the papers by Mowbray (1914) and
Whitney (1918) in which the credibility weight is determined ad hoc, focusing on practi-
cal applications, and not yet founded on concrete mathematical grounds. In Buhlmann
(1967) (and in the more general Buhlmann and Straub, 1970, where the Buhlmann-
Straub credibility model is presented) this was changed by viewing the determination
of  as an optimisation problem where only the rst and second order moments of the
data is needed for the optimal estimator (Norberg, 2004). The generalisation of the
credibility estimator to higher dimensions was introduced in Jewel (1973) and later in
a multivariate hierarchical framework by Venter (1985). In Jewel (1989) the specic
problem of multivariate predictions of rst and second order are investigated, while a
comprehensive reference to (multivariate) credibility in general is Buhlmann and Gisler
(2005). A specic interpretation of the Buhlmann-Straub credibility model is found in
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Englund et al. (2008) and Englund et al. (2009) where the dimensions, in the multidi-
mensional credibility model, are interpreted as dierent insurance coverages, between
which the claim occurrence can be more or less correlated.
4.3 Methodology
We use multivariate credibility theory to estimate a customer specic latent risk prole
and thereafter evaluate if a specic additional product, of a specic customer, is ex-
pected to contribute positively to the prot of the company, if that product is cross-sold
to the customer. The prot is measured as the customer specic deviation between the
a priori expected number of incidents (insurance claims, loan defaults, etc) and the
corresponding observed number. In the next paragraphs we present the methodol-
ogy briey and give reference to previous related work on the model and estimation
technique.
4.3.1 Estimation of the risk prole
We use the multivariate credibility model of Englund et al. (2008), see also Buhlmann
and Gisler (2005, p. 178) for the multivariate Buhlmann-Straub credibility model.
Individuals i = 1; : : : ; I are customers to a nancial services company and have been
so during time periods j = 1; : : : ; Ji. During these time periods, every customer has
had l = 1; : : : ;K dierent nancial products. We alter between k, k0 and l as index
for nancial products in general. For each customer i in time period j and product
l, we have an a priori expected number of incidents ijl = eijlgl (Yijl), which depends
on the risk exposure 0  eijl  1, a regression function gl and of a set of explanatory
variables Yijl characterising the customer and the insured object. This can be viewed as
a categorisation of the customer and the insured object into one of a large (but nite)
number of risk categories. The function gl is common for all customers i and time
periods j and can be estimated, using a generalised linear model, based on collateral
data of the company. We assume that eijl can take values between [0; 1], where eijl = 0
means that the l-th product is not active (not owned) for customer i in time period j
and correspondingly, eijl = 1 means that the product l of customer i is active (owned)
during the entire time period j. We assume that Nijl is a random variable describing
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the actual number of incidents for customer i in time periods j and product l. The
observation of Nijl is nijl.
Consider another random variable il, independent and identically distributed,
which represents hidden characteristics such as risk aversion, attitude, etc. that are
not captured by the explanatory variables. il random variables are often called the
random eects. Let the pairs
(N1jl;1l) ; (N2jl;2l) ; : : : ; (NIjl;Il) be independent. We assume E [Nijl] = ijl0l
where E [il] = 0l and Cov [ik;ik0 ] = 2kk0 for k = 1; : : : ;K and k
0 = 1; : : : ;K.
Further we assume that Nijl is Poisson distributed, conditioned on il = il, with
conditional expectation E [Nijl j il = il] = ijlil. The risk prole il describes the
risk that is not captured by the model for the a priori expected number of claims, of
customer i and product l, and, as mentioned above, is sometimes called random eect.
We dene Fijl as the deviation between the actual number of incidents Nijl and the
a priori expected number of incidents ijl,
Fijl =
Nijl
ijl
and Fil =
Nil
il
=
PJi
j=1NijlPJi
j=1 ijl
:
Other denitions, of the deviation between the expected and observed risk, are possible
see e.g. Guillen et al. (2011). We assume that V ar [Fijl j il] = 
2
l (il)
ijl
and that
Cov

Fijk; Fijk0 j ik;ik0

= 0, for k 6= k0.
The homogeneous multivariate credibility estimator (4:1) is the best linear unbiased
estimator of i = [i1; : : : ; iK ]
0 (see Englund et al., 2009 and Buhlmann and Gisler,
2005, p. 181).
^i = 0 + i (Fi   0) (4.1)
with 0 = [01; : : : ; 0K ]
0 and Fi = [Fi1; : : : ; FiK ]0. The credibility weight i =
Ti(Ti+S)
 1 where T is a K by K matrix with elements 2kk0 , k = 1; : : : ;K and k
0 =
1; : : : ;K. The matrices i and S are diagonal matrices with, respectively, il, l =
1; : : : ;K and 2l , l = 1; : : : ;K in the diagonal. The parameter 
2
l = E

2l (il)

, where
2l (il) is the variance within an individual customer i, for a product l (for further
details see Buhlmann and Gisler, 2005, p. 81). We also refer to Buhlmann and Gisler
(2005, pp. 185-186) for parameter estimation procedures of the matrices S and T and
the vector 0.
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Performing the matrix multiplication in (4:1) and considering element k of ^i we
get
^ik = 0k +
KX
k0=1
ikk0 (Fik0   0k0)
where ikk0 is element kk
0 of the matrix i. This can be rewritten as
^ik = 0k + ikk (Fik   0k) +
X
k0 6=k
ikk0 (Fik0   0k0) : (4.2)
We now assume that if product k is not active (not owned) by customer i, the risk
exposure eijk = 0 for all j and consequently ijk = ik = 0. It is possible to show that
ik = 0 implies that ikk = 0 and (4:2) becomes
^ik = 0k +
X
k0 6=k
ikk0 (Fik0   0k0) ; (4.3)
where ikk0 is element kk
0 of i when taken into consideration that ik = 0 in i.
Equation (4:3) shows that even though a customer i does not have an active product
k, it is possible to obtain an estimate of his/her specic risk prole ik (with respect
to product k) by using data of Fik0 =
Nik0
ik0
with respect to the other (owned) products
k0 2 f1; : : : ; k   1; k + 1; : : : ;Kg. From a company's perspective, customers with a low
risk prole are preferred and therefore the estimate of ik can be used to assess which
customers to cross-sell product k to.
4.4 Empirical study
In this section we describe the data set collected to test the cross-sale selection method-
ology and our experiments with this data. We require a data set describing customers
who own more than one nancial services product.
We conduct the experiment by neglecting the data with respect to one of the prod-
ucts and therefore imagine that this product is not owned by the customers. Instead
the data for the other products is used to investigate if we are able to identify customers
with fewer (or more) than expected number of incidents with respect to the discarded
product.
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4.4.1 Application data
The data sample is collected from the data base of a large Swedish insurance company
writing business in both personal and commercial lines, however our sample consists
solely of personal lines customers. The sample consist of a set of individuals who
have been customers to the company between 1999 and 2004 and who, during this time
period, have owned all of theK = 3 main insurance coverages provided: motor, building
and content insurance. The customers have not owned the coverages for equally long
time so the policy duration spans between Ji = 3 and Ji = 6 years.
We have collected data from I = 3395 customers and for each customer i we esti-
mate the a priori expected number of insurance claims ^ijl = eijlg^l (Yijl) (where g^l is
estimated using a collateral dataset from the same company) and collect the number of
claims nijl for each year j = 1; : : : ; Ji and for each of the three coverages l = 1 (motor),
l = 2 (building) and l = 3 (content). The a priori expected number of insurance claims
^ijl has been assessed with the claim frequency model g^l, in force at the time, using
the characteristics of each customer and insured object. We present the mean and
standard deviation of our data in Table 1, where it can be seen that the mean of the
a priori expected number of claims ^ijl is close to the mean of the observed number
of claims nijl with the exception for product l = 2 (building coverage). Note that the
standard deviation of the a priori expected number of claims is lower than the standard
deviation of the observed number of claims, which is the result of the random eects
and justies credibility estimation.
Table 1. Descriptive statistics for the Swedish
insurer data from 1999 - 2004.
Mean Std. dev.
Motor Expected 0.084 0.053
Observed 0.083 0.295
Building Expected 0.064 0.033
Observed 0.046 0.220
Content Expected 0.051 0.028
Observed 0.052 0.237
In Table 2 we present the estimates of the credibility parameter matrices, S and T and
the vector 0, when using the estimation procedures of Buhlmann and Gisler (2005,
pp. 185-186). We have relatively limited amount of analysis data available, I = 3395
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customers with between Ji = 3 and Ji = 6 years per customer, and we therefore use
the same data set for estimation of the credibility parameters as for our cross-sale
experiment, hence we are performing an in-sample validation.
Table 2. Estimates of the credibility parameters.
l ^l ^l1 ^l2 ^l3 ^0l
1 1.119 0.122 0.140 0.238 1.006
2 0.813 0.140 0.172 0.282 0.722
3 1.064 0.238 0.282 0.470 1.005
4.4.2 Experiment design and results
Our aim is to replicate the situation where the customers of a nancial services company
have a set of products but lacking one of the products oered by the company. We
assume that the company is interested in selecting customers expected to have fewer
than expected number of incidents. The company can achieve this by estimating the
risk prole ik for each customer i (with respect to the not owned product k) and
select those with low risk prole. With our data set we imagine not knowing about the
data for one of the products k and thereafter estimate the risk prole ik with data
from the other products 1; : : : ; k  1; k+1; : : : ;K. Thereafter we order the data set by
increasing ^ik and partition it into a certain number M of subsets m (of size m) with
m = 1; : : : ;M . The estimate of the risk prole ^ik is
^ik = ^0k +
X
k0 6=k
^ikk0

F^ik0   ^0k0

; where F^ik0 =
nik0
^ik0
=
PJi
j=1 nijk0PJi
j=1 ^ijk0
: (4.4)
The partitioning into subsets m is needed for presenting the results in an un-
derstandable way, we used dierent values of M and nally concluded that M = 5
is an appropriate number of subsets. In this way, 1 contains 20% of the customers
associated with the lowest ^ik, 2 contains the next 20%, etc.. The number m =
679; for m = 1; : : : ; 5. Since the data sample is ordered by increasing ^ik before the
partitioning into subsets m, we expect to capture customers with fewest incidents,
compared to the a priori expected number, in subset 1 and the customers with the
most incidents, in comparison to the a priori expected number, in subset 5. This
can be validated by analysing the observed number of claims nik in comparison to
the a priori expected number ^ik for the customers in the dierent subsets m, with
respect to the previously imagined not owned product k. For each subset m, we are
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interested in the deviation  of the observed number of claims in comparison to the a
priori expected number expressed as a percentage as follows,
 (m) = 100
0B@
P
i2m
nikP
i2m
^ik
  1
1CA , m 2 f1; 2; 3; 4; 5g: (4.5)
Figure 4:2 describes our experiment with the data, for the situation where we are
interested in identifying subsets m for product 2, using data from products 1 and 3.
We use the notation ^i;213 meaning that the risk prole i2 is estimated using data from
products 1 and 3.
Figure 4.2: The design of the experiment for the particular case of creating subsets 1
to 5 based on the estimated risk prole for product 2 using information from products
1 and 3.
It is not uncommon that some customers of a nancial services company only have
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one of the many products oered by the company. The presented methodology works in
this specic case as well by setting eijk = 0 for the all products k which the customers
does not own. I.e. for our data sample, we can also estimate the risk prole ik by
using information from only one of the two remaining products in the data set. For
instance, for the estimate of the risk prole of product k = 1, i1, we use the notation
^i;12 if only data from product 2 is used in the estimation, and correspondingly for the
other products.
The evaluation criteria (4:5), applied to investigate the deviation between the ob-
served number of claims nik and the estimated a priori expected number ^ik, in the
5 subsets m, is presented in Figures 4.3 to 4.5. In Figure 4.3, we imagine that prod-
uct k = 1 (car coverage) is not owned by the customers and we use data from either
product k0 = 2 (building coverage) or product k0 = 3 (content coverage) or data from
both building and content coverage to estimate the risk prole i1, with respect to
product 1. Thereafter, for each of the three dierent estimators, we order the data set
by increasing value of the risk prole estimate and partition the data into the subsets
m with m = 1; : : : ; 5 for calculation of  (m), see equation (4:5).
As seen in Figure 4.3, the credibility estimator ^i;12, which uses data from product
2, does only slightly dierentiate the customers with respect to claiming (ni1) in com-
parison to the a priori expected claiming (^i1) (left sub-gure of Figure 4.3). However,
when ordering the data with respect to ^i;13, which uses information from product 3,
subset 1 contains customers with on average 6% lower claims frequency than expected
and subset 5 contains customers with 22% more claims than expected, see center sub-
gure of Figure 4.3. When using data from both product 2 and 3 the result is improved
slightly and 1 contains customers with 8% less claims than expected and 5 contains
customers with 26% more claims than expected.
In Figure 4.4 we imagine that product 2 (building coverage) is not owned by the
customers. We see that almost all subsets m contain customers with fewer claims than
expected because (according to Table 1) the average value of ^i2 is far greater than
the average value of ni2 since almost all customers have reported fewer claims than a
priori expected. Still, the credibility estimators ^i;23 (center sub-gure) and ^i;213 (right
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Figure 4.3: Average deviation between observed number of claims and a priori ex-
pected number with respect to product 1 (car coverage). The subsets m are created
using only information from building coverage (left sub-gure), using only information
from content coverage (center sub-gure) or using information from both building and
content coverages (right sub-gure)
sub-gure) is able to dierentiate between subsets containing customers with less than
expected claiming and more than expected claiming.
In Figure 4.5, we imagine that product 3 (content coverage) is not owned by the
customers. We see that all credibility estimators (^i;31, ^i;32, ^i;312) are identifying the
customers in subset 5 as having much more claims than expected. Especially the
estimator ^i;312 (right sub-gure) is able to identify, in the subset 5, customers who
have on average 64% more claims than a priori expected while also identifying the
customers in the subset 1 with on average 10% less claims than a priori expected.
In Figures 4.3 to 4.5 it would be expected and preferred that the deviation of the
observed number of claims in comparison to the a priori expected number,  (m),
would be lowest for m = 1. However, this is not the case for many of the estimators
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Figure 4.4: Average deviation between observed number of claims and a priori expected
number with respect to product 2 (building coverage). The subsets m are created
using only information from car coverage (left sub-gure), using only information from
content coverage (center sub-gure) or using information from both car and content
coverages (right sub-gure)
and especially for cross-selling product k = 1 (car) in Figure 4.3 the lowest  (m)
is recorded for m = 3, m = 2 and m = 4 for the credibility estimators ^i;12, ^i;13
and ^i;123, respectively. A similar note can be made with regards to Figure 4.5. We
draw the conclusion that for the collected data sample it is more ecient to identify a
small group of customers to avoid to cross-sale to (5) than a small group of customers
to target (1). Consequently, we nd that by avoiding the 20% of the customers
associated with the highest risk prole estimates ^ik (5) and targeting the remaining
80% the company would increase its prot signicantly. In Table 3 we compare  (5)
to 
 [4m=1m = (1 [ 2 [ 3 [ 4) where m [ m+1 denotes the union of m
and m+1.
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Figure 4.5: Average deviation between observed number of claims and a priori expected
number with respect to product 3 (content coverage). The subsets m are created
using only information from car coverage (left sub-gure), using only information from
building coverage (center sub-gure) or using information from both car and building
coverages (right sub-gure)
Table 3. Percentage deviation between observed and expected number of claims. Note that a positive
value indicates that the subset of customers is associated with more claims than a priori expected.
Car Building Content
Order 
 [4m=1m (5) Order   [4m=1m (5) Order   [4m=1m (5)
Random 0% -4% Random -29% -30% Random 4% 3%
^i;12 -2% 2% ^i;21 -30% -25% ^i;31 -4% 31%
^i;13 -8% 22% ^i;23 -40% 6% ^i;32 -9% 48%
^i;123 -8% 26% ^i;213 -38% 3% ^i;312 -13% 64%
Table 3 shows that by selecting the 80% ([4m=1m) most favorable customers, with
respect to the estimate of the risk prole ik, the company is able to avoid customers
associated with up to 64% more claims than a priori expected (content coverage, prod-
uct 3). In the table we have also included results produced when the data sample has
been randomly ordered and partitioned into 80% of the data and 20% of the data. The
random order does not dierentiate between subsets of customers with respect to per-
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centage deviation between observed and expected number of claims. We see a similar
pattern for product 1 (car) where the 80% most favorable customers are associated
with 8% less claims than a priori expected while the remaining 20% are associated with
26% more claims than a priori expected. The performance of the credibility estima-
tors in Product 2 (building) is dicult to interpret because almost all customers are
associated with lower observed claim occurrence than a priori expected. However, even
for this particular situation a subset 5 can be identied consisting of customers with
on average 6% more claims than a priori expected. Note that this is not received for
the credibility estimator which uses all available information (^i;213) but the estimator
which only uses data from the content product k0 = 3, ^i;23.
4.5 Discussion
This study investigates identication of customers to whom additional products should
be oered, by estimating a customer specic risk prole with the use of behavioural
data from other products of the specic customers. We use a standard multivariate
credibility model applied to a portfolio of customers, of a nancial services company,
owning several nancial products from the company. The model allows us to take into
consideration the possible (positive) correlation in customer behaviour between dierent
nancial products and estimate the customer specic risk proles, for a specic product
not owned by the customer, without having observed any customer specic information
with respect to that particular product. Instead, data on customer behaviour, with
respect to the other (owned) products, is the only necessity for estimating the risk
prole.
The methodology uses only two observables: the a priori expected number of in-
cidents and the observed number of incidents. We assume that the nancial services
company has a model for the a priori expected number of incidents or is able to as-
sess a value specic for each customer or category of customers. When estimating
such models it is unusual to incorporate information about the number of incidents
related to a specic customer. Instead the company nds patterns which can be used
to categorise the customers, with respect to the expected occurrence of incidents, based
on customers' characteristics. It is not uncommon that customers are associated with
more or less number of incidents, than suggested by the categorisation, based on their
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attitude towards risk. In our methodology we use that the attitude towards risk seems
to be similar across dierent nancial products. I.e. if a customer is associated with
more or less number of incidents, than a priori expected in some products, it is likely
that this pattern will also emerge in other related products.
With the presented credibility estimators we are able to assign, to each customer, a
specic estimate of his/her risk prole based on data which the company has available.
We use the estimate, of each customer's risk prole, to identify subsets from the data
containing customers associated with more or less incidents than a priori expected. In
this way the company receives knowledge about which customers to target for cross-
selling and which to avoid.
In our empirical study we analyse our methodology on real data from a large Swedish
insurance company, consisting of personal lines customers with three dierent insurance
coverages. We nd that there are subsets of the data sample with large heterogeneity
with respect to claiming in comparison to expected claiming. Furthermore, we nd
that these subsets are identiable by using an appropriate credibility estimator of the
risk proles. The appropriateness of a specic credibility estimator is dependent of the
considered product, but in most cases an estimator which uses all available information
is preferable. We nd that it is easier to identify the 20% of the data containing
customers to avoid than the 20% of the data containing customers to target. In fact,
by targeting all customers but the worst 20%, the company could expect a subset of
customer associated with less claims than a priori expected indierent of which product
is considered. The remaining 20% of the data sample consist of customers with up to
64% more claims than a priori expected.
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5Optimal customer selection for
cross-selling of nancial services
products
Abstract
A new methodology, for optimal customer selection in cross-selling of nancial services prod-
ucts, such as mortgage loans and non life insurance contracts, is presented. The optimal
cross-sales selection of prospects is such that the expected prot is maximized, while at the
same time the risk of suering future losses is minimized. Expected prot maximization and
mean-variance optimization are considered as alternative optimality criteria. In order to solve
these optimality problems a stochastic model of the prot, expected to emerge from a single
cross-sales prospect and from a selection of prospects, is developed. The related probability
distributions of the prot are derived, both for small and large portfolio sizes and in the latter
case, asymptotic normality is established. The proposed, prot optimization methodology
is thoroughly tested, based on a real data set from a large Swedish insurance company and
is shown to achieve considerable prot gains, compared to traditional cross-selling methods,
which use only the estimated sales probabilities.
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5.1 Introduction
This chapter is a revised version of the paper Kaishev et al. (2013).
This paper addresses the challenge of optimally selecting a subset of customers, for
cross-selling products to, where the prot of a given cross-sale is unknown and cus-
tomer specic. Imagine a nancial services company with a signicant data base and
a traditional long relationship with each customer, once they purchase their products.
This is indeed the situation for most nancial services products. In that situation
the cross sale challenge becomes to use your data base in general and your specic
knowledge of your individual cross-sale target to estimate, for the specic customer,
the probability of a cross sale, the cost of a cross sale attempt, the average discounted
future prot and the uncertainty of the prot of the entire cross sale attempt for that
individual. Once reliable estimates for the stochastics of the cross sale process have
been established, one can optimize the cross sale prot according to a variety of cri-
teria including return and risk. In this paper, we rst consider the simple question
of optimizing the average prot, but we also consider one version of adjusting for risk
when optimizing cross sale prots. Our extensive case study is taken from non-life in-
surance, where our sales probability model is provided to us by the company that also
provided us with the data. When estimating our cross sale prot, we combine classical
regression techniques and state-of-the-art actuarial latent risk technology enabling us
to combine the overall cross sectional information in our data with experience informa-
tion on a specic customer. Our technique generalises to other situations, one could
apply classical regression alone leaving out the latent risk part or vice versa, one could
work only with the latent risks. While our approach has been developed with an eye
to the nancial service industry, with its abundant data bases, our approach would be
useful also in other businesses.
Protability in the general context of direct marketing has been researched by a
number of authors, such as Bult and Wansbeek (1995), Venkatesan and Kumar (2004)
and Gonul and Hofstede (2006). The early paper by Bult and Wansbeek (1995) ad-
dresses the problem of nding an optimal selection of target customers from a mailing
list but does not consider cross-sales. The optimal selection is based on the customer
response (sale or no sale) to a direct marketing oer of books, periodicals and music
to households by a retailer in the Netherlands. Given sale, it is assumed that the
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marginal, i.e. per customer, return (prot) is deterministic. Venkatesan and Kumar
(2004) consider customer selection based on their customer life time value. While this
customer life time value clearly is a stochastic variable, Venkatesan and Kumar (2004)
concentrates on average prot values closely related to the average prot approach of
this paper. The customer specic information of Venkatesan and Kumar (2004) comes
from a classical regression technique. The approach of Venkatesan and Kumar (2004)
is useful both when considering rst sales and cross sales. Were they to consider cross
sale only, as we do in this paper, then specic individual customer information would
be available and could be used to further optimize the customer selection. Gonul and
Hofstede (2006) consider a broader set of optimisation objectives such as prot maximi-
sation, customer retention and utility maximisation. They nd that optimising their
objective function over multiple periods leads to higher expected prots and higher
expected utility. They apply their methodology to the problem of setting optimal sales
catalogue mailing strategies. Their optimal solutions indicate that fewer catalogues
should be mailed than is the current practice in order to maximise the expected prot
and expected utility. In their set-up both prot margin and the campaign costs are
modelled deterministically resulting in an approach closely related to the optimal aver-
age prot approach of this paper. They do not specically consider cross sales and the
added specic customer data available in this case. In contrast to Bult and Wansbeek
(1995), Venkatesan and Kumar (2004) and Gonul and Hofstede (2006), our approach
allows us to exploit the extra customer specic information available in a cross sale con-
text. In our concrete example, we use recently developed actuarial technology based on
multivariate credibility theory to assess the individual specics in case of a cross sale,
but we also point out that other approaches could be possible. Another novel feature
of our prot optimisation approach is that one of our optimisation criteria balances the
contradictory goals of maximising prot and minimising risk. We illustrate, based on a
real data set, how our optimisation methodology works by applying it to the context of
cross-selling of nancial services products and in particular, insurance policies. So, the
proposed methodology is thoroughly tested with real data from an insurance company
and it is demonstrated that signicant prot gains can be achieved by applying it in
practice.
There is a considerable marketing literature on cross-selling and we refer the inter-
ested reader to papers by Kamakura et al. (1991), Knott et al. (2002), Kamakura et
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al. (2003), Kamakura et al. (2004), Li et al. (2005), Kamakura (2007), and Li et al.
(2010). Cross-selling through call center's has recently been addressed also by Gurvich
et al. (2009) who study the operational control problem of decision making, stang,
call routing and cross-selling to possibly dierent classes of customers. These authors
consider segmenting the (caller) population of sales prospects in order to decide to
whom and at what price to cross-sell so as to increase the expected protability of a
call center's dynamic cross-selling campaign. Increased protability is achieved by cus-
tomizing the (product) price, oered to each segment (type of customers) while keeping
the product specication common to all segments, and by reducing the volume (cost)
of cross-selling attempts unlikely to be protable. As an illustration of their approach,
the authors consider certicates of deposit (CD) which guarantee a xed interest rate
over a xed time interval, a product oered by banks to dierent customers. In this
paper we consider protability of cross-selling and propose a stochastic model of the
prot . Although our main example is cross-selling of a nancial product, stochastic
prots (including stochastic costs) is of course also relevant in a broader context of
direct marketing. For example, sellers who use electronic sales channels usually oer
free delivery, the costs of which are not known before the order is placed and therefore
are of stochastic nature. In general, in direct marketing, a data base of customers from
other campaigns may be available and recorded prots of these customers may vary
considerably. For example, one could imagine that some type of customers only take
the company's "Welcome oer" and nothing else. The prot then will be small, or
even negative, on those customers. On the other hand, other customers may take the
welcome oer and also buy other products. It is possible to extract information from
the data base on "who is who", in terms of prot and cost, and it is possible to take
advantage of that in selecting the customers that maximise the total expected prot.
While our overall model is indeed general in nature, it seems particularly relevant
when cross selling nancial service products. Financial services oered by banks and
insurance companies, such as mortgage contracts and other types of loans, household,
car and motorcycle insurance policies, and other types of personal lines insurance prod-
ucts, dier in several ways from other conventional retail products and services which
other rms (call centers) attempt to cross-sell. There is a policy duration specied
at the date of sale of a nancial product and also the cost associated with a specic
customer is stochastic and becomes known to the organization at some random time
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after the sales date. For example, the cost generated by an insurance policy is mainly
determined by the claim amount which depends on the occurrence and severity of the
related insured event. In a mortgage setting, a holder of a mortgage contract may
default on his/her loan repayment at some random moment within the duration of the
contract, which may lead to a loss for the lending bank or its insurance company, of
unknown (random) size.
Our stochastic model of prot involves three random quantities, a binary random
variable, modelling the event of cross-selling, a random variable modelling the price of
the oered product and another random variable, modelling the cost associated with
a specic customer for the cross-sale product. In the appendix, we study the distri-
butional properties of this prot model and propose formal criteria for optimizing not
only the prot but also the risk of suering future losses, faced by the nancial services
organization in a cross-sales campaign. In this way, the contradictory goals of maxi-
mizing prot while at the same time minimizing the risk of losses are achieved already
at the marketing stage. The proposed novel, prot optimization methodology allows
us to nd the size and the composition of an optimal selection of cross sales prospects,
from a large portfolio of existing customers, so that an appropriate prot/risk opti-
mization criterion is maximized. We further address the estimation of the prot model
parameters, among which, the individual risk prole parameter, the claim frequency
and severity and the sales probability. The methodology is validated on a real, insur-
ance data example. The results conrm that substantial prot gains can be achieved
by applying it in cross-selling of nancial services products.
Our paper is organized as follows. In Section 5.2 we propose a stochastic model for
the prot associated with cross-selling an additional product to an existing customer.
Section 5.3 elaborates on two established methods for capturing customer heterogene-
ity and how they are combined in this paper. In Section 5.4 we relate our prot
optimization methodology to the existing marketing literature cases mentioned in the
introduction and we discuss how these existing marketing cases could be generalised to
the varying prot set-up of this paper. Thereafter, in Section 5.5, we study an exam-
ple of cross-selling insurance policies to existing customers of an insurance company.
Concluding remarks are found in Section 5.6 followed by an appendix with details on
results from the insurance example.
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5.2 Optimal selection of cross-sale prospects
Our contribution of this paper is to consider marketing campaigns where the prot
of the customer is stochastic. Our particular interest is that some prior knowledge is
available on this stochasticity and we want to take advantage of this prior knowledge.
So, in the paper, knowledge on prot is focused on, on top of the probability of sales
model - the latter is not our center attention. In Section 5.4 we give a wide array of
possible situations where a prot formula might be of interest.
5.2.1 Modelling the stochastic cross-sales prot
It is natural to model the (stochastic) prot (loss), Hik, associated with cross-selling
an additional product, indexed k, to the i-th existing customer as
Hik = lfAikg (ik   Sik)  !ik; (5.1)
where lfAikg is the indicator random variable, Aik is the event of cross selling to the
i-th customer the k-th product with cross-sale probability pik, at the stochastic price
ik, and !ik > 0 is the (deterministic) customer-specic cost of a cross sale attempt.
The random variable Sik is the stochastic cost related to the i-th customer and k-th
product. The cost !ik is usually related to organizing the cross-sale campaign through
call centers or otherwise. The motivation behind representation (5:1) is straightforward,
given sale occurs, the prot is equal to the price charged to the customer minus his/her
stochastic cost, less the cost !ik, incurred by the company for approaching the i-th
cross-sale prospect. Alternatively, if no sale occurs, a loss of !ik is accounted for by
the company. At this point we do not assume independence of the incidence of a cross-
sale and the stochastic prot and we do not assume independence between dierent
customers. In our main example given in Section 5, we follow the classical approach of
actuarial pricing and cross selling and assume such independence.
We denote by ik = E [Hik] the mean of the stochastic variable Hik and by vik =
Var [Hik] the variance of the same. The mean of the prot can take both positive and
negative values and it is obvious that the company should try to cross-sale to customers
with a positive prot. So, one alternative to select customers who should be targeted
is to select those associated with ik > 0. An obvious way of doing so is to order the
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customers in a non-increasing order of the expected prot. The cut-o point is then
the point at which the cumulative sums,
lP
i=1
ik, l = 1; : : : ; I, do not increase any more.
Another alternative criterion for selecting customers takes into account both the
expected prot and its variance since it is desirable not only to maximise the prot
(interpreted as a performance measure) but also to minimise its variance (interpreted
as a risk measure). One way of combining these two performance and risk measures is
to consider the mean-variance selection criterion, MVik = ik   vik, where  > 0 (see
Section 5.2). Note that any correlation between lfAikg and Sik will only aect selections
with the mean-variance criteria.
In summary we have two separate criteria for selecting customers to approach for
cross-selling a policy k; all customers associated with a positive expected prot ik
(called the EP-criteria) or all customers associated with a positive mean-variance value
MVik (called the MV-criteria).
5.3 Modeling customer heterogeneity
The overall approach suggested in this paper requires customer specic knowledge
leading to a more accurate optimization of prot. In this section, we point out two
established methods for capturing such customer heterogeneity. The choice of a mul-
tivariate model depends on the nature of the available customer information. If only
descriptive information such as age, geography and sex is available, the rst idea that
comes to mind would be to set up a multivariate generalised linear model to describe
customer heterogeneity. As mentioned below, this type of approach is well known in
the marketing literature. However, if also some historical information is available on
the individual behavior of a given customer, then this could be modelled through an in-
dividual latent variable. While this type of approach has a long and celebrated history
in the academics and practice of actuarial science, it seems less focused on in marketing
applications. The two multivariate modelling approaches - and their combination - are
briey described below.
5.3.1 Multiple regression analysis
The key issue in multiple regression analysis (specically in marketing) is to estimate a
set of weights corresponding to a set a characteristics, sometime called antecedents, of
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the customers. When estimated, the weights are used to produce a weighted sum of the
corresponding set of characteristics, of other similar customers, in order to estimate e.g.
a probability, a price, or any other customer metric of interest. The resulting metric
is received by applying a so called link function to the weighted sum of customer
characteristics.
There are many examples of modeling customer heterogeneity using multiple re-
gression analysis and one straightforward, and very related to our paper, is Knott et
al. (2002). This study is on so called next-product-to-buy models for institutions with
a large customers database, aiming at selecting the most appropriate customers to ap-
proach and the most appropriate product to oer them. The authors compare dierent
regression (and other modeling) techniques on data from a retail bank interested in
increasing sales of a particular loan product.
Another example of multiple regression analysis in marketing is Malthouse (1999)
where the specic problem of modeling mail order responses is considered. The author
seeks a simple but predictive model using either multiple regression with variable subset
selection or so called ridge regression. As mentioned, it is common for direct marketers
to be more interested in overall model performance (measured with e.g. gains charts)
than unbiased parameter estimates which is why the ridge regression is considered in
this particular case.
5.3.2 Latent variable models
No matter how much cross sectional data we might have available, there is likely to
remain some unobserved heterogeneity of specic customers. Two households with
the same number of children, living on the same street and with all other observable
characteristics being equal might have completely dierent protability for a particular
product we wish to cross sell. The unobservable mountain climbing habit of one of the
fathers or the unobservable alcohol habits of one of the mothers could for example play
a role for the protability of many type of products. One dimensional unobservable
variables have a long history in theoretical as well as practical non-life insurance pricing,
where it some times is called experience rating. Latent variables are also considered
in the marketing context, see for example Rossi and Allenby (2003) or Kamakura et
al. (1991). Other applications of latent variables can be found in the related research
eld of moral hazard and adverse selection where these eects typically are modelled as
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latent variables, see Akerlof (1970) and Rothschild and Stiglitz (1976) for a theoretical
discussion on these issues and e.g. Cohen (2005) for more practical study. In our prac-
tical concrete example from non-life insurance below, we have introduced a multivariate
latent variable modelling all relevant products at the same time. When optimizing our
cross sale prot, we then exploit the general information on how an individual's latent
variable from one product correlates with that very same individuals latent variable
from the product we wish to cross sell.
5.3.3 Combining multiple regression analysis with latent variable
models
For our model, for the stochastic prot Hik (5.1), we propose that the two stochastic
variables lfAikg and Sik can be modeled with multiple regression analysis and latent vari-
able techniques, respectively. Furthermore we propose using credibility theory which
includes experience of customers beyond covariate (antecedents) information. Conse-
quently, when implementing this model for cross-sale selections, the company makes
use of its data base more eectively by using one source of data for the multiple re-
gression analysis and another source of data for latent variable techniques. The latter
data source is often neglected, since the literature on latents variables in cross-selling
is limited, however we will show, in Section 5.5.2, how this data can be useful and
improve the overall prot from cross-selling.
5.4 Examples of modeling prot in direct marketing
In this section we relate our above prot optimization methodology to the existing
marketing literature cases mentioned in the introduction and we give some insight into
how these existing marketing cases could be generalised to the varying prot set-up
of this paper. All the three marketing cases treated in the introduction have a xed
prot given sale, we point out that a varying prot given sale could be considered in
these cases and we point out that the methodology of this paper would be applicable
in these three well known marketing cases if they would be generalised to the varying
prot case. Varying prot modelling requires statistical estimation of the multivariate
nature of our customer data base and we point out the type of data needed in each
case to carry out either a generalised model estimation approach, the latent variable
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estimation approach or a combination of both in the cited works. In the next section
we will treat in detail an example from the insurance industry, where sucient data is
available to combine the generalised model estimation approach and the latent variable
estimation approach
5.4.1 Bult and Wansbeek (1995)
In the early paper by Bult andWansbeek (1995) it is assumed that the returns (prot) of
a positive reply is constant across households and based on an ordering of the customer
data base, with respect to the estimated probability of a customer responding to a
direct mail, the authors nd an optimal selection consisting of customers with positive
marginal prot. The varying prot for a given customer depends in this model only
on the varying probability of a cross-sale. Given a sale, the prot is the same for all
customers. If one was to follow our approach one could model the prot given a sale
as a stochastic variable, where both the mean prot and its variance can vary among
customers. This is relevant if the customer has a choice among a variety of products
to buy at the cross-sale, in this example the choice of buying one or more books or
records. One could also consider the probability of buying more books or records at
a later point in time or the probability of canceling an order, etc.. All these events
would aect the total prot from one particular customer (household) and would be
helpful to target the most protable customers if taken into account. If one would have
data available to model the multivariate nature of how much a given customer would
buy given a sale, one could implement the prot optimization method of this paper.
Such data could be given by co-variates - e.g. age, sex, geographic details - where a
generalised linear model might be useful, or one could imagine that information was
present on the historical nature of this particular customers likeliness to buy during
a cross-sale, in this latter case, the latent variable approach might work well. Or one
could have both types of data available allowing one to combine the two methods of
multivariate modelling. Therefore, the approach of Bult and Wansbeek (1995) could be
sophisticated and more prot could be made if extra relevant data would be available.
5.4.2 Venkatesan and Kumar (2004)
The second study, related to our work, is by Venkatesan and Kumar (2004) on selecting
customers based on their customer lifetime value. The model they are presenting con-
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siders estimated prots from every possible purchase of computer hardware a customer
will make during the engagement. Venkatesan and Kumar (2004) have useful co-variate
information of their customers and model the lifetime value through a generalised lin-
ear model approach. However, as the customer data base of the computer hardware
company grow, it seems plausible that historical information could be gathered on the
nature of the loyalty of each customer, such that a latent variable measuring loyalty
could supplement the approach given in Venkatesan and Kumar (2004) leading to even
more specic marginal prot calculations.
5.4.3 Gonul and Hofstede (2006)
The third example of Gonul and Hofstede (2006) considers direct marketing and op-
timal catalog mailing decisions. The authors model order incidence and order volume
separately to later combine them into a utility based prot optimisation where the (con-
stant) cost of sending a catalog and the (constant) prot margin is included. Based
on the level of risk aversion of the company managers, optimal mailing strategies are
selected. As in the example of Bult and Wansbeek (1995), the prot from a single cus-
tomer can be considered variable by assuming that dierent customers might require
dierent treatment and e.g. might demand facilities for canceling orders or returning
already received items. The probability of a specic customers requiring such facilities
could be modelled with data on historic customer behaviour from related products or
orders. The specic cost of sending a catalog can also be considered as variable, as we
allow for in our model by incorporating an index i of the cost of a cross-sale contact
!ik. Introducing variability in the catalog mailing cost and the prot is mentioned as
an interesting topic for further research by Gonul and Hofstede (2006). We consider
the more exible prot optimization model of this paper to be a natural place to start
for such further research.
5.5 An example from the insurance industry
In the specic case of cross-selling insurance policies, the stochastic variable Sik is nor-
mally called the aggregate claim amount resulting from customer i in insurance coverage
k which is composed of the number of insurance claims Nik and their corresponding
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severities Xik1; : : : ; XikNik as the following sum
Sik =
NikX
n=1
Xikn:
We follow classical actuarial approaches to insurance modelling, see among many others
Klugman et al. (1998) and assume independence between customers. That is of course
not fully correct. The insurance policies of dierent policyholders might be aected by
the same external circumstances such as weather conditions or economic conditions.
Such correlation could aect our preferences when we apply our mean-variance opti-
mization, but it will not aect our main example optimizing the average prot. Further
discussion about these, and other, common assumption in actuarial science are found
in Beard et al. (1984, p. 33), Jong and Heller (2008, p. 81) and Ohlsson and Johans-
son (2010, p.18). Furthermore we assume that conditioned on the latent random risk
variable ik, the aggregate claim amount and the indicator random variable lfAikg are
independent and that ik is independent of lfAikg. The second assumption could be
challenged by the fact that customers associated with a low risk variable could be less
inclined to purchase the oered product due to experience rating at the company cur-
rently providing that particular product. Assume from now on that Nik is conditionally
Poisson distributed given a latent random variable. We do not make any assumptions
on the distribution of the latent variable, however, should it be gamma distributed,
then this implies a negative binomial distribution of our counts Nik. In Section 5.5.2
we test this conditional Poisson assumption in more than one way and we provide a
graph indicating that our counts indeed very needly follow the appropriate negative
binomial distribution. The expectation of Nik, conditioned on the latent random risk
variable ik, is E [Nik j ik = ik] = ikik and Xik has expectation E [Xik] = mik, we
do not make any distributional assumption about Xik. We call ik the a priori expected
number of insurance claims and assume that the insurance company has a method for
estimating it. By assuming independence between Nik and Xik the expectation of Sik
(conditioned on ik) becomes
E [Sik j ik = ik] = E [Nik j ik = ik]E [Xik] = ikikmik:
In our example, we assume that the price (premium) ik is deterministic. Premium
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setting in insurance is a highly complex task including estimating the expected claims
frequency and severity as well as cost loadings for administration, sales commission,
discounts, re-insurance, etc. Additionally, with the recent introduction of dynamic
pricing, the premium will in some cases also depend on customer demand, market and
competitor situation and customer life time value. The scope of this example does not
allow for any further details on premium setting. Under these assumptions we can
express the conditional mean (ik) and variance (vik) of the prot Hik as
ik = E [Hikjik = ik] = pik (ik   ikikmik)  !ik (5.2)
vik = Var [Hikjik = ik] =
 
pik   p2ik

(ik   ikikmik) 2 + pikmik2ikik (5.3)
where we have assumed the claim severities being non-stochastic Xi = mi as this is the
situation in the data application of Section 5.5.2. For further details, see the Appendix.
Note that ik and vik now depend on the latent random risk variable ik wherefore the
correct notation is ik (ik) and vik (ik) but is omitted to ease the notation.
5.5.1 Model parameter estimation
We only briey mention how the parameters in equation (5:2) and (5:3) can be obtained.
The parameter pik is the customer specic probability of a successful cross-sale attempt
(the customer purchases the oered policy). The sales probability is estimated using
a regression model p^ik = f^p;k (Yp;ik), where f^p;k is an appropriate regression function,
estimated based on collateral data from the insurance company, collected from past
cross-sale campaigns, and Yp;ik is a set of customer specic covariates of the approached
customer. Examples of such research and applications are the papers by Knott et al.
(2002) and Li et al. (2005).
The a priori expected number of claims ^ik and the a priori expected claim severity
m^ik are estimated in conceptually the same way as the cross-sale probability p^ik. The
data used for the estimation of the regression functions f^;k and f^m;k is data on reported
insurance claims from past and present customers of the company, for further details
on how this is done, we refer to, e.g., Klugman et al. (1998). Once f^;k and f^m;k are
estimated, the expected number of insurance claims and the expected severity can be
estimated, for any customer, by only taking into consideration the sets of appropriate
73
5. OPTIMAL CUSTOMER SELECTION FOR CROSS-SELLING OF
FINANCIAL SERVICES PRODUCTS
covariates Y;ik and Ym;ik for the specic customer i and policy k as ^ik = eikf^;k (Y;ik)
and m^ik = f^m;k (Ym;ik). The factor 0  eik  1 measures the risk exposure and is equal
to 0 if the customer i does not own a specic policy k. Note that the sets Yp;ik, Y;ik and
Ym;ik are normally not identical since dierent covariates might be needed to explain
the behaviour of the dierent stochastic variables lfAikg, Nik and Xik, respectively.
An estimate of the cost of a cross-sale attempt, !ik needs to be obtained from the
company by analysing cost distributions, prot margins and overheads for the specic
policy k, however the scope of this study does not allow us to discuss this in detail.
The risk prole parameter ik can be seen as a factor for changing the a priori
expected number of claims ik since the conditional expectation of the number of in-
surance claims Nik is E [Nik j ik = ik] = ikik. Normally, the set of covariates Y;ik,
needed for the regression function f^;k, for the a priori expected number of claims ^ik,
does not include information about past claiming of the specic customer i. Instead,
Y;ik usually contains covariates such as policy holder age, occupation, type of house-
hold, etc.. By assuming that an estimate of the risk prole ^ik can be expressed as a
function of customer specic claim information we might obtain a better estimate of the
number of insurance claims Nik from the i-th customer. However, a specic problem
related to cross-selling is that, obviously, no customer specic information is available,
with respect to the cross-sold product, prior to approaching that specic customer. We
solve this problem by estimating ik with claim information of an existing policy k
0,
of the specic customer, see Thuring (2012). Hence, we express ^ik as a function of
the reported number of claims nik0 (with respect to an existing policy k
0) as well as
the estimate of the a priori expected number of claims ^ik0 , also with respect to the
existing policy k0, as ^ik = f^;k

nik0 ; ^ik0

. We use multivariate credibility theory to
estimate the function f;k which results in the following
^ik = f^;k

nik0 ; ^ik0

= ^0k +
^ik0 ^
2
kk0
^ik0 ^
2
k0k0 + ^
2
k0

nik0
^ik0
  ^0k0

: (5.4)
The model parameters ^0k, ^
2
kk0 , ^
2
k0k0 , ^
2
k0 and ^0k0 need to be estimated based on a
collateral data set consisting of claim information for customers owning both policy k
and k0. We refer to the Appendix for details on the multivariate credibility estimation
of ^ik.
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5.5.2 Real data application
We have a unique data set available, consisting of I = 4463 insurance customers who
were targeted for a cross-sale campaign. The campaign was executed by approaching
these specic customers, who at that time owned a household insurance coverage, and
oering them to purchase a car insurance coverage. We acknowledge the risk of endo-
geneity related to using this kind of data, however we assume (as part of our model)
that the latent random risk variable is independent of the indicator random variable
for the event of cross selling. A formal test using the Fisher z-transform indicates
that the assumption is valid. In the following we will refer to household coverage as
coverage k0 = 1 and car insurance coverage as coverage k = 2. Not every customer
accepted the cross-sale oer, of the 4463 contacted household policyholders, 177 pur-
chased the car insurance coverage, i.e.
IP
i=1
lfAi2g = 177. For these customers, the
insurance company recorded the number of claims reported after the sale, with respect
to the cross-sold policy (car insurance). With this data set available, we are able to
estimate the customer specic expected prot ^i2 (for the cross-sold coverage 2) and
evaluate how closely related it is to the observed value hi2, with hi2 being a realisation
of the stochastic prot Hi2 from representation (5:1). As a result of approaching all
the 4463 customers, covered by the cross-sale campaign, the company recorded a total
observed prot of
IP
i=1
hi2 = $7; 917. It is interesting to analyse if the company could
have executed the campaign with higher total prot by approaching fewer customers,
taking the EP-criteria or MV-criteria into account.
In the expressions for the expected value of the prot (5:2) and its variance (5:3),
we allow for customer specic values of all the included parameters, see Section 5.2.
Unfortunately, the available data, from the cross-sale campaign, is not complete with
respect to customer specic information about the premium (price) ik, the a priori
expected number of insurance claims ik or the observed claim severity xi2, with xi2
being the realisation of the stochastic claim severity Xi2 (note that index k = 2 refers
to the cross-sale car insurance policy). Instead we use customer generic estimates ^2,
instead of ^i2, ^2, instead of ^i2 and m^2, instead of xi2 andmi2. Also the cost of a cross-
sale attempt is assumed to be a constant estimate (!^i2 = !^2). The observed prots are
customer dependent through the indicator variable lfAi2g and the customer dependent
observed number of claims ni2 (which is a realisation of the stochastic variable Ni2).
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Note that the estimated cross-sale probability p^i2 and the estimate of the risk prole
^i2 are customer specic. We estimate the model parameters ^0k, ^
2
kk0 , ^
2
k0k0 , ^
2
k0 and
^0k0 (see (5:4)) based on a collateral data set from the insurance company consisting
of claim information for customers owning both a household insurance policy and a
car insurance policy. We use the closed form expressions of the parameter estimates
found in Buhlmann and Gisler (2005, pp. 185-186). The resulting estimates are found
in Table 3.
Table 3
Estimates of the model parameters for estimating
the customer specic risk prole ^i2.
l ^2l ^
2
l1 ^
2
l2 ^0l
1 1.755 0.081 0.130 1.12
2 1.349 0.130 0.211 0.91
In Table 4 we present summary statistics of the campaign data set of household
customers approached for cross-selling car insurance.
Table 4
Descriptive statistics of the campaign data set, note that k0 = 1
represents household insurance coverage and that k = 2 represents
car insurance coverage.
Constant Min Max Mean
^i1 - 0:0083 3:92 0:64
ni1 - 0 20 1:17
^01 1:12 - - -
lfAi2g - 0 1 0:040
p^i2 - 0:0040 0:13 0:069
^i2 - 0:71 2:05 0:95
ni2 - 0 4 0:26
^02 0:91 - - -
^2 0:375 - - -
m^2 ($) 2; 025 - - -
^2 ($) 949 - - -
!^2 ($) 15 - - -
^i2 ($) -  54 25 1:03
v^i2 - 5:8  103 3:0  105 1:0  105
hi2 ($) -  7; 166 934 1:77
76
5.5 An example from the insurance industry
From Table 4 it can be seen that the expected number of household claims ^i1 has
a very large spread and that one particular customer is associated with as much as
ni1 = 20 household claims. Comparing the mean of ^i1 to the mean of ni1 shows that
the customers have reported, on average, more claims than was expected which is also
reected in the estimate ^01 > 1. The mean value of lfAi2g is smaller than the mean
value of p^i2 meaning that the company expected to cross-sale car insurance coverage
to more customer than was realised. The constant values of the common parameters
representing the expected claim frequency ^2, the expected claim severity m^2, the
premium ^2 and the cost of cross-selling !^2, with respect to the car insurance coverage,
are also given in Table 4. The values of these parameters are received from the insurance
company and should be appropriate estimates for our particular situation. The estimate
^02 is less than 1 meaning that customers are reporting fewer car insurance claims, on
average, than the model, for the a priori number of car insurance claims, predicts. Note
also that the estimate of the customer specic risk prole ^i2 ranges between 0:71 and
2:05 meaning that it alters the conditional expectation of the number of claims Ni2,
by between almost a 30% reduction to more than doubling it, keeping in mind the
assumption that the conditional expectation of Ni2 is E [Ni2 j i2 = i2] = 2i2. It
can be seen that the estimated expected prot ^i2 can take both positive and negative
values and that the realised prot hi2 has a large range; one customer is associated
with a huge loss of $ 7; 166 while at the other extreme the company made a prot of
$934 from one single customer.
We nd that 2647 of the 4463 customers have a positive value of ^i2. To illustrate
how prot emerges from dierent customer selections we order the campaign data set,
by non-increasing expected prot ^i2, and compare cumulative sums for the expected
prot
lP
i=1
^i2 (referred to as the expected total prot) to cumulative sums of the observed
prot
lP
i=1
hi2 (referred to as the observed total prot), for l = 1; : : : ; 4463. In Figure
5.1, we give the expected total prot as a function of the selection size l, note that
the customers are ordered by non-increasing ^ik prior to cumulative summation and
plotting. This is the total prot which would have been expected to emerge if the
company had applied our proposed EP-criteria methodology. In Figure 5.1, we also
present the observed total prot as a function of the same selection size l.
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Figure 5.1: The expected total prot (dotted line) and the observed total prot (solid
line), as cumulative sums, emerging from approaching an increasing number of cus-
tomers l, with l = 1; : : : ; 4463. The customers are ordered by non-increasing expected
prot ^i2 prior to cumulative summation and plotting.
The sharp drop in the observed prot at approximately l = 1500 is due to three
specic customers, for whom the estimate of the expected prot ^i2 is reasonably high,
whereas the observed prot is very low, due to 6 reported claims worth $12; 150 in
total. As can be seen, comparing the observed and the expected prot in Figure 5.1,
the company would have made a prot of $16; 424, by approaching only the prospects
with a positive ^i2. This is more than double the prot which the company made by
approaching all of the 4463 customers ($7; 917).
It is also interesting to compare the value of the total observed prot, $16; 424,
emerging from approaching customer with positive ^i2, to the observed prot when
approaching the 2647 customers associated with the largest estimates of the sales prob-
ability p^i2. It is common to select prospects taking only the estimated sales probability
p^ik into account and we nd that these 2647 customers are associated with a total prot
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of $7; 060. This is signicantly less than the prot of $16; 424 obtained when using the
proposed EP-criterion.
For the second selection criteria, we select customer with positive mean-variance
valueMVi2 and show the resulting graph in Figure 5.2, where the customers are ordered
by non-increasing MVi2 prior to plotting. The curve obviously depends of the value
of  and we have tested a number of dierent values where  = 5  10 5 nally was
chosen. It should be noted that the optimum is found at 1319, i.e. 1319 customers are
associated with a positive mean-variance value (MVi2).
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Figure 5.2: Mean-variance, as cumulative sums, emerging from approaching an in-
creasing number of customers l, with l = 1; : : : ; 4463. The customers are ordered by
non-increasing mean variance valuesMVi2 prior to cumulative summation and plotting.
We compare the two criteria (EP and MV) with respect to the expected total
prot, the variance of the expected total prot and the observed total prot. As can
be expected, looking at Table 5, under the EP-criterion the optimal selection size is
higher and the expected prot is higher, whereas the MV-criterion has lower expected
prot, but also lower prot variance. Of course, the total observed prot is lower for
79
5. OPTIMAL CUSTOMER SELECTION FOR CROSS-SELLING OF
FINANCIAL SERVICES PRODUCTS
the MV-criterion, since it takes into account the prot variance.
Table 5
Summary of the results for the EP- and MV-criteria.
Criteria Number of Expected Variance of Observed
customers total prot total prot total prot
EP 2647 $16; 424 3:0  108 $16; 362
MV 1319 $12; 787 1:6  108 $3; 882
5.6 Concluding remarks
In this paper, we have introduced a new exible approach to optimal cross selling. We
solve the optimization problem of maximizing both an optimal mean criteria and a
mean-variance criterion. Our prot/risk performance optimization approach has, to
the best of our knowledge, not been previously considered in the context of cross-sales
marketing.
For the purpose of solving the proposed optimization problems, we have developed
a stochastic model of the prot, emerging from a successful cross-sale to an individual
prospect and a group of prospects. The model is expressed in terms of certain random
variables, characterizing the occurrence of sale, the price and the cost. When trying our
methodology out on real data (we consider a large insurance data set) we get practical
and convincing answers suggesting potential cross sale strategies. Further dynamics
of the model could be considered, e.g. allowing for the probability of cross-sale pik to
be dependent of the price ik, in (5:1). Such extensions would introduce the concept
of dynamic pricing in the cross-sale selection methodology. While this is outside the
scope of this paper it is currently our focus for further research and we have started an
extended data collection exercise in collaboration with our non-life insurance contact
that eventually will enable us to introduce dynamic pricing to our exible cross-sale
model. Notice, that dynamic pricing will introduce a less linear and more complex
optimization algorithm, probably of a recursive nature. It will be part of our future
research to provide stable algorithms for this new challenging optimization.
In Section 5.5.2, we have validated the proposed methodology based on a real data
set from a large insurance company. As our validation results demonstrate, the pro-
posed methodology is capable of providing appropriate optimal selections of customers,
so that the expected prot/mean-variance criterion is maximized. This is conrmed
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in the data study, where the observed prot is volatile but follows the expected (see
Section 5.5.2). In conclusion, we conrm that the proposed prot optimization method-
ology has been successfully validated and, as demonstrated, is practically applicable for
the purpose of prot ecient cross-selling of nancial services products.
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Appendix
Derivation of the expected prot ik and variance vik
For simplicity we omit the index k. The proof of (5:2) is straightforward and is omitted.
We denote by i the variance of Xi. For the variance vi of Hi, noting that the r.v.s
lfAig and Si are assumed independent, we have
vi = Var [Hi j i = i] = Var

lfAig (i   Si) j i = i

=
Var
"
lfAig
 
i  
NiX
n=1
Xin
!
j i = i
#
=
= E
24 lfAig
 
i  
NiX
n=1
Xin
!!2
j i = i
35  E"lfAig
 
i  
NiX
n=1
Xin
!
j i = i
#!2
=
= E
24l2fAig
0@2i   2i NiX
n=1
Xin +
 
NiX
n=1
Xin
!21A j i = i
35 
 
E
"
lfAig
 
i  
NiX
n=1
Xin
!
j i = i
#!2
=
= pi
 
2i   2iiimi + iii + iim2i + 2i 2im2i
  p2i (i   iimi)2
which simplies to 5.3 by assuming that Xi is non-stochastic. In the derivation we have
used that
E
24 NiX
n=1
Xin
!2
j i = i
35 = Var [Si j i = i] + E [Si j i = i]2 =
= E [Ni j i] Var [Xi j i] + Var [Ni j i]E [Xi j i]2 + E [Ni j i]2 E [Xi j i]2 =
iii + iim
2
i + 
2
i 
2
im
2
i
where we have used the shorter notation for conditioning on i and that the variance
of the aggregate loss Si, assuming independence between Ni and Xi, is Var [Si] =
E [Ni] Var [Xi] + Var [Ni]E [Xi]2, see e.g. Mikosch (2009) p. 73.
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Derivation of the cumulative distribution function of Hi
Formulas (5:2) and (5:3) are useful in establishing the mean and variance of the total
prot. In order to gain further insight into the way prot emerges as a result of cross-
selling of an additional policy to the i-th policyholder, in the following proposition, we
give the cumulative distribution function of Hi, conditional on i = i.
Proposition 2 Given i = i, the cumulative distribution function, FHi(x), is
FHi(x) = P (Hi  x j i = i) =
8>>>>>>><>>>>>>>:
1 if x  i   !i
1  pi
P[[~x]]
j=0 e
 ii (ii)j
j! if   !i  x < i   !i
1 P[[~x]]j=0 e ii (ii)jj!  pi if x <  !i
(5.5)
where ~x = i !i xmi and [[~x]] =
(
[~x] if ~x is non  integer
~x  1 if ~x is integer and [~x] is the integer part
of ~x.
Proof We have
P (Hi  x) = P
 
lfAig (i  Nimi)  !i  x

=
= P
 
lfAig (i  Nimi)  x+ !ijlfAig = 1

pi+
P
 
lfAig (i  Nimi)  x+ !ijlfAig = 0

(1  pi) =
= P (Ni  ~x) pi + P (0  x+ !i) (1  pi) =
= (1  P (Ni < ~x)) pi + P (0  x+ !i) (1  pi)
(5.6)
where we have used the independence of the r.v.s lfAig and Ni. Representation (5:5)
follows from (5:6), recalling that, conditional on i = i, Ni  Poisson (ii). 
Let us note that, if i is not a multiple of mi, i.e. i 6= rmi, for r, positive integer,
the set of values, the random variable, Hi can take is:
ImHi = fxj = i   !i   jmi; j = 0; 1; : : : ; j;
xj+1 =  !i; xj = i   !i   (j   1)mi; j = j + 2; j + 3; : : :g (5.7)
where j is such that, i  jmi > 0 and i  (j + 1)mi < 0. If i is a multiple of mi,
83
5. OPTIMAL CUSTOMER SELECTION FOR CROSS-SELLING OF
FINANCIAL SERVICES PRODUCTS
i.e. i = j
mi, where j is a suitable positive integer, then
ImHi = fxj = i   !i   jmi; j = 0; 1; : : : ; j   1; j + 1; j + 2; : : : ; xj =  !ig :
(5.8)
Derivation of the probability mass function of Hi
From Proposition 2, it is straightforward to derive the conditional p.m.f.
P (Hi = xj j i = i), j = 1; 2; : : :.
Proposition 3 Given i = i, and
1. Assuming that ImHi is as in (5:7), the probability mass function of Hi is
P (Hi = xj j i = i) =
8>>>>>>><>>>>>>>:
pie
 ii (ii)j
j! for j = 0; 1; : : : ; j

1  pi for j = j + 1
pie
 ii (ii)j 1
(j 1)! for j = j
 + 2; j + 3; : : :
(5.9)
2. Assuming that ImHi is as in (5:8), the probability mass function of Hi is
P (Hi = xj j i = i) =
8>>>>>>><>>>>>>>:
pie
 ii (ii)j
j! for j = 0; 1; : : : ; j
   1
1  pi + pie ii (ii)
j
j! for j = j

pie
 ii (ii)j
j! for j = j
 + 1; j + 2; : : :
(5.10)
Proof Formulas (5:9) and (5:10) follow directly from (5:5) noting that, for assumption
1. (formula (5:9)), by the denition of j in (5:7), we have that j < imi < j
+1, hencehh
i
mi
ii
= j, and for assumption 2. (formula (5:10)) by the denition of j in (5:8) we
have that imi = j
, hence
hh
i
mi
ii
= j   1. 
Distributional properties of the total prot Hs(l)
The c.d.f., FHi(x) and the p.m.f., P (Hi = xj j i = i), given in Propositions 2, and 3
embeds the entire information about the behaviour of the prot, Hi emerging from the
i-th prospect. Therefore (5:5), (5:9) and (5:10) are useful in addressing some further
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questions, related to the protable marketing of nancial services products. One such
important question which we will address in this section is to provide condence bounds
for the total prot from a cross-sales campaign.
We are now in a position to consider the total prot, Hs(l), related to a subset,
s(l)  P of size l, which is
Hs(l) =
lX
i=1
Hi =
lX
i=1
 
lfAig (i  Nimi)  !i

: (5.11)
Given  = , the total expected prot, E [Hs(l) j  = ], related to a subset, s(l)  P
of size l, is
E [Hs(l) j  = ] =
lX
i=1
E [Hiji = i] =
lX
i=1
(pi (i   iimi)  !i) ; (5.12)
and the conditional variance, Vars(l), of the total prot, Hs(l) from a subset, s(l)  P
of size l, given  =  is
Vars(l) =
lX
i=1
Var [Hi j i = i] =
lX
i=1
 
Var

lfAig

(i   iimi) 2 + pimi2ii

:
(5.13)
Clearly, one way in which the company may deal with the contradictory goals of max-
imizing its expected prot while minimizing the related risk is to maximize the total
(expected) cross-sales prot and minimize its variance by combining the two quantities
in a common mean-variance criterion.
Given the distribution of Hi, conditional on  = , the conditional distribution of
Hs(l) is obtained as the following convolution
Proposition 4 Given  = , the p.m.f. of Hs(l) is
P (Hs(l) = h j  = ) =
P
x12ImH1
: : :
P
xl 12ImHl 1
P (H1 = x1 j 1 = 1) : : :
: : : P (Hl 1 = xl 1 j l 1 = l 1)P (Hl = h  x1   : : :  xl 1 j l = l) ;
(5.14)
where h 2 D, D = fx1 + : : :+ xl : (x1; : : : ; xl) 2 fImH1  : : : ImHlgg.
Based on (5:14), for the cdf FHs(l)(x) = P (Hs(l)  x j  = ) we have
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Proposition 5 Given  = , the c.d.f. of Hs(l) is
FHs(l)(x) = P (Hs(l)  x j  = ) =P
h2D;hx
P
x12ImH1
: : :
P
xl 12ImHl 1
P (H1 = x1 j 1 = 1) : : :
: : : P (Hl 1 = xl 1 j l 1 = l 1)P (Hl = h  x1   : : :  xl 1 j l = l) ;
(5.15)
where x 2 R and D is dened as in Proposition 4.
Proposition 5 can be used in order to produce condence intervals for the total prot,
Hs(l), of the form
P

Q
2
 Hs(l)  Q1 
2

= 1  ; (5.16)
where Q
2
and Q1 
2
are the corresponding 2 and 1   2 quantiles of the distribu-
tion FHs(l). The latter quantiles, Q2 = F
 1
Hs(l)
 

2

and Q
2
= F 1
Hs(l)
 
1  2

, where
F 1
Hs(l)
() is the inverse of FHs(l). Computing, P (Hs(l) = h), FHs(l)(x) and F 1Hs(l)()
using (5:14) and (5:15) is, facilitated by the reasonably simple form of FHi(x) and
P (Hi = xj j i = i), j = 1; 2; : : : which stems from the assumption that Ni has a
conditional Poisson distribution. Therefore, condence intervals of the form (5:16) can
be easily computed for small, up to moderate portfolio sizes, I. For large values of
I, which is often the case in practice, representations (5:14) and (5:15) may become
cumbersome to evaluate and it is important to consider asymptotic approximations of
the distribution of Hs(l). We show that, under some conditions on the model parame-
ters, i, i and mi, the distribution of the appropriately normalized total prot, Hs(l),
converges to a standard normal distribution, as the size, l goes to innity. This result
can be used in order to provide approximate condence regions for the total prot, for
large portfolio sizes l.
In what follows, it will be convenient to use the simpler notation, Cl B
2
l , for the
mean E [Hs(l)j = ] and the variance, Vars(l), respectively. We will also assume that
the real positive parameters, i, i, and mi, i = 1; 2; : : : are such that the Lindeberg
condition
1
B2l
lX
k=1
X
fj:jxj E(Hk)j>"Blg
P (Hj = xj) (xj   E (Hk)) 2  !
l!1
0 (5.17)
holds. Let us note that there exists a set of values for the parameters, i, i and mi
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i = 1; 2; : : :, such that, Hi, i = 1; 2; : : : form a sequence of independent identically
distributed random variables, in which case (5:17) holds, i.e., the set of values for
which condition (5:17) is fullled is not empty. Since in general, Hi, i = 1; 2; : : :
are independent, non-identically distributed random variables, with c.d.f.s, FHi(x),
i = 1; 2; : : :, following the Lindeberg-Feller central limit theorem one can state
Proposition 6 Given that, i, i, and mi, are such that the Lindeberg condition (5:17)
holds, the distribution functions of the normalized total prot,(Hs(l)  Cl) =Bl tend to
a standard normal cdf, as l tends to innity.
Proposition 6 allows for the construction of approximate condence regions, of the form
(5:16), for the total prot random variable, Hs(l), when l is suciently large, given that
(5:17) holds. For a given condence level, , we have that
P

q
2
 (Hs(l)  Cl) =Bl  q1 
2

= 1  ; (5.18)
where q
2
, and q1 
2
are the corresponding quantiles of the standard normal distribution.
From (5:18), for  = 0:05 we have that, P (Cl   1:96Bl  Hs(l)  Cl + 1:96Bl) = 0:95.
We acknowledge that these approximate condence regions are in fact too optimistic
since we are using an estimate of the latent risk prole i, and not an observed value,
to condition on. Since ^i is an estimator it too has a variance that would broaden
the approximate condence regions if taken into consideration. However, this issue is
neglected in the derivation above.
Estimation of the latent risk prole ik
In this section we re-introduce the product index k. In order to estimate ik, one could
apply an estimator motivated by the classical credibility theory and in particular by the
Buhlmann-Straub credibility model (see Buhlmann (1967) and Buhlmann and Straub
(1970)). A similar estimator, but in the context of insurance pricing, has been applied
by Englund et al. (2008) and Englund et al. (2009). We assume that il; : : : ;Il
are i.i.d. random variables with E [il] = 0l; i = 1; : : : ; I and Cov [il;ir] = 
2
lr,
l; r 2 fk0; kg. We further assume that the conditional covariance structure of the
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random variables Fijl =
Nijl
ijl
; l 2 fk0; kg is given by
Cov [Fijl; Fijr j il = il;ir = ir] =
(
2l (il)
ijl
if l = r
0 if l 6= r
;
and 2l (il) is the variance within a specic customer i for l 2 fk0; kg. We use standard
credibility notation and dene il =
JiP
j=1
ijl, nil =
JiP
j=1
nijl and Fil = nilil . Under these
assumptions, it is possible to generalize the univariate Buhlmann-Straub homogeneous
estimator of the standardized frequency ik (see corollary 4.10 of Buhlmann and Gisler
(2005), p. 102) to our two dimensional setting as
^i = 0 + i (Fi   0) (5.19)
with ^i =
h
^i1^i2
i0
, 0 = [0102]
0 and Fi = [Fi1Fi2]0. The credibility weight i =
Ti(Ti + S)
 1 where T is a 2 by 2 matrix with elements 2kk0 , k = 1; 2 and k
0 = 1; 2.
The matrices i and S are diagonal matrices with, respectively, il, l = 1; 2 and
2l , l = 1; 2 in the diagonal and il =
PJi
j=1 ijl. The parameter 
2
l = E

2l (il)

,
where 2l (il) is the variance within an individual customer i, for a product l (for
further details see Buhlmann and Gisler, 2005, p. 81). We also refer to Buhlmann and
Gisler (2005, pp. 185-186) for parameter estimation procedures of the matrices S and
T and the vector 0.
Performing the matrix multiplication in (5:19) and considering element 2 of ^i we
get
^i2 = 02 + i22 (Fi2   02) + i21 (Fi1   01) : (5.20)
where ikk0 is element kk
0 of the matrix i.
We now assume that if product 2 is not active (not owned) by customer i, the risk
exposure eij2 = 0 for all j and consequently ^ij2 = ^i2 = 0. It is possible to show that
^i2 = 0 implies that ^i22 = 0 and (5:20) becomes
^i2 = ^02 + ^i21

F^i1   ^01

;
where ^i21 =
^i1^221
^i1^211+^
2
1
. This shows that even though a customer i does not have an
active product 2, it is possible to obtain an estimate of his/her specic risk prole
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^i2 (with respect to product 2) by using data of F^i1 = ni1^i1 with respect to the other
(owned) product 1.
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